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1 Introduction

In this paper, we generalize the concept of prime elements and prime num-
ber races to the newly introduced Y, (F) number systems. We also introduce
a unified “packed object” that allows the study of these races through a sin-
gle mathematical structure, analogous to Chebyshev’s prime number races in
classical number theory.

2 Prime Elements in Y, (F)

Let Y, (F) be a generalized number system where n refers to the structural
properties and F' is an underlying field. We define a prime element in Y,,(F) as
follows.

Definition 2.1. An element p € Y,,(F) is called a prime element if it satisfies
the following conditions:

e p is irreducible, meaning that p = a ® b implies either a or b is invertible
in Y, (F).

e Ifp divides an element x € Y,,(F), then there exists ¢ € Y,,(F) such that
r=pRq.

This generalizes the classical definition of prime numbers in fields or rings
to Y,,(F), where ® is the generalized multiplication operation.

3 Generalized Congruence Relations in Y, (F)

To study prime number races in Y, (F'), we first need to define congruences.

Definition 3.1. Let a,b € Y,,(F) and p be a prime element. We say that a
is congruent to b modulo p, denoted a = b (mod p), if p divides a ® (=b), i.e.,
there exists some q € Yy, (F') such that:

a®(-b)=p®gq.



This defines equivalence classes modulo a prime element p. Each class cor-
responds to a "residue” in Y, (F'), analogous to classical residue classes modulo
an integer.

4 Prime Element Races in Y, (F)

Let C,(k) denote the set of elements in Y,,(F') that are congruent to ¥ modulo
the prime element p. The prime race function counts the number of prime
elements in specific congruence classes.

Definition 4.1. Let C(k, x) be the number of prime elements p; € Y,,(F') such
that p; = k (mod p) and ||p;|| < = for some norm || -||. The prime race function
1s defined as:

Ap(m; k‘1, k‘z) = Cp(k/’l, .’17) - Op(k‘z, .Z‘),

which measures the difference in the number of prime elements in congruence
classes k1 and ko modulo p.

This generalizes the classical Chebyshev prime number race, where the dif-
ference between primes in specific residue classes modulo ¢ is studied.

5 Packed Prime Element Generating Function

To study prime elements in Y, (F) in a more compact way, we introduce a
generating function that ”packs” all the relevant information.

Definition 5.1. The prime element generating function in Y, (F') is defined

as: 1
Gy, (s)= Y
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where ||p;|| is a norm on the prime element p;. This function encodes the dis-
tribution of all prime elements.

6 Prime Race Zeta Function

To study the distribution of prime elements across different congruence classes,
we define the prime race zeta function:

Definition 6.1. The prime race zeta function for congruence class k is given

by:
1
Golshl= 2.l
pi=k (mod p) Pi
This function generalizes the classical zeta function and studies the distri-
bution of prime elements in specific residue classes.



7 Packed Object for Prime Element Races

To encapsulate all congruence classes and prime element races in a single object,
we introduce the following packed structure.

Definition 7.1. The packed prime race object is defined as:
Py, (r)(s) = HCYn(SG k),
k

where the product runs over all possible congruence classes k. This object en-
codes the behavior of prime elements across all classes and allows us to study
prime number races in a unified way.

8 Prime Elements in Y, (F'): Deeper Exploration

The definition of prime elements in Y, (F) can be further extended by intro-
ducing new structural properties that explore the behavior of prime elements
beyond classical irreducibility.

8.1 Extended Prime Element Definition

We introduce the concept of higher-order prime elements, which are defined
recursively within the framework of Y,,(F).

Definition 8.1 (Higher-Order Prime Elements). An element p € Y, (F) is
called a higher-order prime element of level k if:

o [t satisfies the prime element condition: p = a ® b implies either a or b is
invertible, and

e For every factorization of p into elements p =p1 @ P2 Q « - - Q pi, each p;
must also satisfy the prime element condition for the same level k.

This definition captures a hierarchical structure of primes within Y, (F),
allowing us to study prime elements at multiple levels of recursion. As k — oo,
this definition leads to an infinite hierarchy of prime elements.

8.2 Prime Element Substructures

Prime elements in Y,, (F') can exhibit additional substructures, such as sub-prime
lattices and generalized divisibility chains.

Definition 8.2 (Prime Element Sub-lattice). A sub-lattice of prime elements is
a collection {p;} C Y,.(F) such that every p; divides the product of its neighbors
in the lattice structure. This structure introduces a local divisibility condition
that generalizes lattice-ordered fields.

The study of prime sub-lattices reveals a more nuanced understanding of
how prime elements interact within Y,,(F'), and these lattices form an essential
part of the packed prime race objects introduced later.



9 Infinite-Dimensional Generalizations

To extend Y, (F) indefinitely, we introduce infinite-dimensional analogues of
prime elements and congruence classes. These analogues generalize beyond
finite-dimensional fields and rings, introducing more abstract structures.

9.1 Infinite-Dimensional Prime Elements

Let YS°(F') represent the infinite-dimensional analogue of Y,,(F'). Prime ele-
ments in YS°(F') are defined using limit processes that extend the behavior of
finite-dimensional primes.

Definition 9.1 (Infinite-Dimensional Prime Elements). An element p € Y2°(F)
is an infinite-dimensional prime element if there ezists a sequence of finite-
dimensional prime elements p; € Y,,(F) such that:
p = lim p;.
1— 00
These infinite-dimensional prime elements generalize prime divisibility to the

infinite setting, preserving the core properties of primes while introducing new
behavior in higher-dimensional structures.

9.2 Infinite-Dimensional Congruence Relations

We also extend the concept of congruence relations to infinite dimensions, al-
lowing us to study congruence classes in Y2°(F).

Definition 9.2 (Infinite-Dimensional Congruence Relation). Let a,b € Y2°(F').
We say that a is congruent to b modulo a prime element p € Y°(F'), written as
a =b (mod p), if:

a® (~b) = lim p; @ g,

where p; are finite-dimensional prime elements and q; € Y, (F) are such that
the product converges in the infinite-dimensional system.

This extends the classical notion of congruence classes to an infinite-dimensional
setting, allowing us to study infinite prime number races.

10 Packed Prime Element Objects in Infinite
Dimensions
We now generalize the concept of a packed prime element generating function

to the infinite-dimensional setting, leading to a fully packed object that encap-
sulates the behavior of prime elements at all levels.



10.1 Infinite-Dimensional Prime Element Generating Func-
tion
The generating function for prime elements in infinite dimensions is defined as

follows:

Definition 10.1 (Infinite-Dimensional Prime Element Generating Function).
The infinite-dimensional prime element generating function is given by:

1
Gy (r)(8) = Z
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This function sums over all infinite-dimensional prime elements, encoding
their distribution across the infinite-dimensional structure YS°(F).

10.2 Infinite-Dimensional Prime Race Zeta Function

The prime race zeta function also generalizes to infinite dimensions. In this
setting, the zeta function accounts for the behavior of prime elements across
infinite-dimensional congruence classes.

Definition 10.2 (Infinite-Dimensional Prime Race Zeta Function). The infinite-
dimensional prime race zeta function is defined as:

1
SEICTUE D DR TR
pi=k (mod p) "

where the sum runs over infinite-dimensional prime elements p; congruent to k
modulo p.

This generalization captures the distribution of prime elements in infinite-
dimensional congruence classes and provides insight into their asymptotic be-
havior.

11 Indefinitely Packed Prime Race Objects

To unify the study of prime element races in all finite and infinite dimensions,
we introduce the concept of an indefinitely packed prime race object.

Definition 11.1 (Indefinitely Packed Prime Race Object). The indefinitely
packed prime race object s given by:

Pree () = [ Gue (55 ),
k

where the product runs over all congruence classes k, and (ye(s;k) is the
infinite-dimensional prime race zeta function.

This object encapsulates the behavior of prime elements across all congru-
ence classes and dimensions, forming a unified structure that governs the dis-
tribution of prime elements in Y,,(F') indefinitely.



12 Applications of the Indefinitely Packed Prime
Race Object

The indefinitely packed prime race object has far-reaching applications in num-
ber theory and beyond. Some potential directions include:

12.1 Generalized Riemann Hypothesis for Y, (F)

A natural application of the packed object is the formulation of a generalized
Riemann Hypothesis (GRH) for the prime elements in Y, (F). The behavior
of the zeros of the packed prime race object Py 7)(s) could provide new in-
sights into the distribution of prime elements and lead to a generalization of the
classical GRH.

12.2 Applications to Cryptography and Topos Theory

Prime elements in Y,,(F') and their generalized congruence relations have po-
tential applications in cryptography, especially in designing secure encryption
schemes based on topos theory. The packed prime race object could serve as a
foundation for new cryptographic protocols.

13 Prime Elements in Higher Categories

We begin by extending the notion of prime elements into the realm of higher
category theory, where we introduce prime elements within the context of higher
categories and explore their relations to categorical morphisms, objects, and
functors.

13.1 Prime Elements in co-Categories

Let C be an oo-category. Prime elements in Y, (F') can now be understood as
objects or morphisms within co-categories.

Definition 13.1 (Prime Objects in co-Categories). An object p € C is called a
prime object if for any morphism f: X — Y in C, p cannot be factored through
non-invertible morphisms, i.e., any factorization f = g o h must involve either
g or h being an equivalence in C.

This generalization of primes to higher categories opens the door to un-
derstanding prime factorizations in a categorical setting, where objects and
morphisms can interact in more complex ways than in traditional algebraic
structures.



13.2 Prime Element Functors

We now define prime elements in the context of functors, particularly between
oo-categories. Prime elements as functors allow us to study the transport of
prime structures between different categorical contexts.

Definition 13.2 (Prime Functors). A functor F' : C — D between two oo-
categories is called a prime functor if it preserves prime factorizations, i.e., if
F(p) € D is a prime object whenever p € C is a prime object.

Prime functors generalize the concept of prime-preserving mappings across
different levels of abstraction, further extending the scope of prime number
theory in higher categories.

13.3 Prime Elements in Symmetric Monoidal co-Categories

Consider a symmetric monoidal co-category (C,®,1), where ® is the tensor
product and 1 is the unit object. Prime elements can now be studied in this
monoidal context.

Definition 13.3 (Prime Elements in Monoidal oo-Categories). An object p € C
is a prime object in the symmetric monoidal co-category (C,®,1) if for any
objects a,b € C, p cannot be factored as a @ b unless one of a or b is the unit
object 1 or invertible in C.

This introduces prime factorization into the context of monoidal categories,
extending prime number theory into more intricate topological and algebraic
structures.

14 Quantum Field Theoretic Extensions of Prime
Elements

Next, we expand the theory of prime elements into quantum field theory (QFT).
Prime elements can be viewed as fundamental excitations or states in quantum
fields, where their behavior can be analyzed through quantum operators and
partition functions.

14.1 Prime Elements as Quantum States

In a quantum field theory, we associate prime elements with quantum states
that possess certain irreducibility properties. These states correspond to funda-
mental excitations that cannot be decomposed into simpler subsystems.

Definition 14.1 (Prime States in Quantum Field Theory). A quantum state
Yp in a quantum field theory is called a prime state if it cannot be written as a
product of other states, i.e., V¥, = 11 ® 12 implies that one of 1 or P must be
the vacuum state.



This parallels the concept of irreducibility in particle physics, where prime
elements correspond to elementary particles that cannot be decomposed into
smaller components.

14.2 Prime Operators and Factorization

Prime elements can also be understood through the action of quantum operators.
We define prime operators that act on quantum states and preserve the prime
nature of these states.

Definition 14.2 (Prime Operators in Quantum Field Theory). A quantum
operator O is a prime operator if, for any prime state 1,, the action of O
on 1, results in either another prime state or a scalar multiple of v, i.e.,
pr = M\, for some scalar A.

Prime operators preserve the structure of prime elements within the quantum
framework, leading to new insights into the factorization of quantum fields and
operators.

14.3 Prime Partition Functions

In QFT, we can extend prime elements to the realm of partition functions, which
encode information about the spectrum of the theory. We introduce the notion
of prime partition functions that count only prime states.

Definition 14.3 (Prime Partition Function). The prime partition function

Z,(B) is defined as:
ZP(B) = Z e*,@E;,’
Yo

where the sum is taken over all prime states 1, and E, is the energy associated
with the prime state 1.

This prime partition function isolates the contribution of prime elements to
the thermodynamics of the quantum field theory, providing a tool for studying
the distribution of prime excitations in various quantum systems.

15 Prime Elements in String Theory

Moving further into theoretical physics, we extend prime elements into string
theory. Here, prime elements correspond to fundamental strings or branes that
cannot be decomposed into lower-dimensional objects.

15.1 Prime Strings and Branes

In string theory, we define prime elements as fundamental strings or branes that
exhibit irreducibility in their configuration space.



Definition 15.1 (Prime Strings). A string configuration ¥, is called a prime
string if it cannot be decomposed into multiple strings, i.e., ¥, = X1 UXy implies
that one of X1 or Yo is trivial or collapses to a point.

Prime strings represent the elementary objects in string theory that form
the building blocks of more complex configurations.

15.2 Prime String Interactions

Prime string interactions can be described using worldsheet diagrams, where
prime strings interact only in specific configurations that preserve their prime
nature.

Definition 15.2 (Prime String Interaction). Let ¥, and %, be two prime
strings. Their interaction is represented by a worldsheet diagram W(X,,%,),
where the interaction results in a new prime string configuration 3, such that:

Y, =E,%x%,
and x denotes the interaction operation that preserves the prime structure.

These prime string interactions are fundamental in understanding how irre-
ducible strings combine to form higher-dimensional objects in string theory.

15.3 Prime Branes and Their Moduli Spaces

Similarly, we can extend the concept of prime elements to branes in string
theory, where prime branes correspond to fundamental p-branes that cannot be
decomposed.

Definition 15.3 (Prime Branes). A p-brane B, is called a prime brane if it
cannot be decomposed into lower-dimensional branes or factored as a product of
branes.

The moduli space of prime branes, My, provides a space that classifies all
prime branes and their configurations. Studying the geometry of this moduli
space gives insights into how prime elements manifest in the context of higher-
dimensional objects.

16 Topological and Geometrical GGeneralizations

We now extend the notion of prime elements to more abstract topological and
geometric settings, including derived categories, motivic cohomology, and de-
rived algebraic geometry.



16.1 Prime Elements in Derived Categories

In the setting of derived categories, prime objects can be studied as indecom-
posable objects that cannot be written as direct sums of other objects in the
derived category.

Definition 16.1 (Prime Objects in Derived Categories). An object P € D(C),
the derived category of C, is called a prime object if it cannot be decomposed as
P =A® B where A and B are non-trivial objects in D(C).

This allows us to investigate the behavior of prime elements in derived cat-
egories, providing new tools for understanding prime factorizations in a homo-
logical and categorical context.

16.2 Prime Motives and Motivic Cohomology

Prime elements can also be viewed through the lens of motivic cohomology,
where prime motives represent irreducible algebraic varieties or objects in the
category of motives.

Definition 16.2 (Prime Motives). A motive M is called a prime motive if it
cannot be decomposed as M = My & My, where My and M, are non-trivial
motives.

Prime motives correspond to fundamental algebraic structures that cannot
be further reduced, and their motivic cohomology classes provide a powerful
tool for understanding their properties in the context of arithmetic geometry.

17 Infinite Quantum Hierarchies and Interdimen-
sional Prime Element Structures

Finally, we extend prime elements to an infinite hierarchy of quantum struc-
tures, where prime elements exist simultaneously across multiple quantum and
geometric layers.

17.1 Quantum Prime Hierarchies

We define an infinite hierarchy of quantum prime elements, where each level
introduces a new type of prime object, from quantum states to string-theoretic
excitations to higher categorical structures.

Definition 17.1 (Infinite Quantum Prime Hierarchy). The infinite quantum
prime hierarchy is a sequence of prime elements {p;}, where each prime element
p; exists in a higher-dimensional quantum or geometric setting, and the hierar-
chy is indexed by an infinite family of layers, including quantum states, strings,
branes, and higher categories.

10



18 Prime Elements in Noncommutative Geom-
etry

We now explore prime elements in the framework of noncommutative geometry.
Noncommutative spaces generalize classical geometries by replacing the algebra
of functions on a space with a noncommutative algebra, allowing us to extend
the notion of prime elements to these noncommutative structures.

18.1 Prime Ideals in Noncommutative Algebras

Let A be a noncommutative algebra. Prime ideals in A are defined similarly
to commutative cases, but with the added complexity of the noncommutative
product.

Definition 18.1 (Prime Ideals in Noncommutative Algebras). An ideal I C A
is a prime ideal if for any two elements a,b € A, the product ab € I implies
that eithera €I orbel.

These prime ideals capture the noncommutative analog of irreducibility,
where factorization may not behave symmetrically.

18.2 Prime Noncommutative Geometries

We extend the concept of prime elements to noncommutative spaces themselves.
A noncommutative space can be defined by its algebra of functions, and a space
is called prime if its associated algebra contains a prime ideal structure that
cannot be decomposed further.

Definition 18.2 (Prime Noncommutative Space). A noncommutative space X,
represented by a noncommutative algebra A of functions, is called prime if A
contains a prime ideal I such that X cannot be factored into two mon-trivial
noncommutative spaces X1 and Xs.

This generalization allows us to study prime factorizations of noncommuta-
tive spaces, where the underlying algebraic structure may not behave classically.

19 Prime Elements in Topos Theory

We now delve into prime elements in the context of topos theory, a generalization
of set theory and logic. Toposes are categories that behave like the category
of sets but in more abstract and flexible ways. Prime elements in a topos
correspond to irreducible objects and logical elements.

19.1 Prime Objects in a Topos

Let 7 be a topos, and let X € T be an object in the topos. We define a prime
object in a topos as follows.

11



Definition 19.1 (Prime Objects in a Topos). An object P € T is called prime
if for any morphism f : A — B in T, the fact that P factors through f, i.e.,
P — A — B, implies that P is either isomorphic to A or B.

Prime objects in a topos reflect an irreducible structure that cannot be de-
composed or factored into smaller sub-objects, representing fundamental build-
ing blocks within the topos.

19.2 Prime Logical Elements in Topos Theory

In the logical interpretation of topos theory, prime elements can be viewed as
fundamental truth values that cannot be decomposed in the internal logic of the
topos.

Definition 19.2 (Prime Logical Elements). A truth value t in the internal logic
of a topos T is called prime if for any two truth values t; and to, the implication
t1 Aty =t implies that t1 =t orty =t.

This extends the concept of primality to logical structures, where prime
truth values serve as the indivisible ”atoms” of logic within a topos.

20 Prime Elements in Higher Dimensional Al-
gebraic Stacks

We now move to the study of prime elements in the context of algebraic stacks,
specifically higher-dimensional stacks that arise in moduli problems in algebraic
geometry.

20.1 Prime Algebraic Stacks

Let X be an algebraic stack. Prime stacks generalize the notion of prime schemes
and varieties by focusing on the moduli space behavior and the irreducibility of
the stack.

Definition 20.1 (Prime Algebraic Stack). An algebraic stack X is called prime
if it cannot be decomposed as a disjoint union of two non-trivial algebraic stacks
Xy and Xy, and every morphism between algebraic stacks preserves this primal-
ty.

Prime stacks represent fundamental moduli spaces that capture irreducible
geometric structures, and their study provides new insights into the algebraic
geometry of moduli spaces.

12



21 Prime Elements in Derived Algebraic Geom-
etry

We extend prime elements into derived algebraic geometry, where derived struc-
tures allow us to study deeper interactions between algebraic varieties and their
cohomology theories.

21.1 Prime Derived Schemes

Let X be a derived scheme, represented by a derived structure sheaf O%. We
define prime derived schemes as follows.

Definition 21.1 (Prime Derived Schemes). A derived scheme X is called prime
if its structure sheaf O% contains no non-trivial decompositions into direct sums
of derived sheaves, and the cohomology of X cannot be decomposed into non-
trivial components.

Prime derived schemes represent irreducible objects in the realm of derived
algebraic geometry, capturing deep interactions between geometry and homo-
logical structures.

22 Prime Elements in Higher Adelic Spaces

Adelic structures play a key role in number theory and arithmetic geometry. We
now introduce the concept of prime elements in higher adelic spaces, extending
the classical notion of adeles to higher dimensions and more complex fields.

22.1 Prime Higher Adeles

Let Ar be the adelic ring over a field F, and let Agf) be the higher adelic ring,
which incorporates higher cohomological structures. Prime elements in higher
adelic rings are defined as follows.

Definition 22.1 (Prime Higher Adeles). An element a € Age) is called a prime
higher adele if it cannot be factored as a product of non-trivial elements in Agc),
and if a satisfies prime factorizations in each cohomological level of Ag).

These prime higher adeles provide insight into the behavior of arithmetic
structures in higher-dimensional cohomology and adelic rings.

23 Prime Elements in Quantum Gravity and Be-
yond
Finally, we extend the notion of prime elements into the domain of quantum

gravity, where they serve as irreducible geometric or quantum structures that
cannot be broken down in the context of spacetime and quantum fields.

13



23.1 Prime Elements in Quantum Gravity

Prime elements in quantum gravity can be viewed as fundamental quantum
spacetime units, where the geometry of spacetime itself exhibits irreducibility.

Definition 23.1 (Prime Quantum Geometries). A quantum geometry G in
a theory of quantum gravity is called prime if it cannot be decomposed into
smaller quantum geometric structures, and if its interaction with the quantum
gravitational field preserves its irreducible nature.

These prime quantum geometries may represent the smallest possible build-
ing blocks of spacetime in a theory of quantum gravity, with profound implica-
tions for our understanding of the universe at the smallest scales.

23.2 Prime Strings and Branes in Quantum Gravity

Prime strings and branes, as discussed earlier in string theory, play an even
more fundamental role in quantum gravity. We redefine prime strings and
branes within this context, allowing for their interactions with the quantum
gravitational field.

Definition 23.2 (Prime Strings in Quantum Gravity). A string configuration
Yp In quantum gravity is prime if it cannot be decomposed into smaller string
configurations, even under the influence of quantum gravitational interactions.

This leads to new ways of understanding the role of prime elements in the
ultimate theory of quantum gravity, where both quantum and geometric struc-
tures interact at a fundamental level.

24 Indefinite Expansion into New Domains

The theory of prime elements continues to expand indefinitely into new areas
of mathematics, physics, and logic. Each new layer of abstraction provides op-
portunities to redefine and generalize prime elements in contexts not previously
considered. These include:

e Prime elements in synthetic differential geometry.

e Prime objects in enriched categories and 2-categories.

e Prime elements in noncommutative quantum field theory.

e Prime elements in the context of topological quantum field theory (TQFT).
e Prime structures in algebraic K-theory and motivic homotopy theory.

e Prime elements in higher-dimensional topos theory and logic.

e Prime elements in speculative frameworks like the holographic principle
and multiverse theories.

14



Each of these areas opens the door for new prime element structures that
reflect the irreducible and fundamental nature of mathematical, physical, and
logical entities across a wide spectrum of disciplines.

25 Prime Elements in Synthetic Differential Ge-
ometry

We extend the concept of prime elements into synthetic differential geometry,
a framework that generalizes differential geometry using logic and categorical
methods. In this context, we define prime elements in terms of infinitesimal
objects and smooth functions.

25.1 Prime Infinitesimals

In synthetic differential geometry, infinitesimal elements play a central role.
We introduce the notion of prime infinitesimals, which behave as irreducible
infinitesimal quantities in the smooth topos.

Definition 25.1 (Prime Infinitesimals). An infinitesimal element € in synthetic
differential geometry is called prime if it cannot be factored as € = €1 - €3, where
€1 and €s are non-invertible infinitesimals in the topos.

Prime infinitesimals serve as the building blocks of infinitesimal structures in
synthetic differential geometry, providing new tools for studying smooth spaces
and differentiable structures.

25.2 Prime Smooth Functions

We now define prime smooth functions, which are smooth functions that cannot
be factored through other non-invertible smooth functions in the smooth topos.

Definition 25.2 (Prime Smooth Functions). A smooth function f : M — R in
synthetic differential geometry is called prime if it cannot be written as f = goh
where g and h are smooth functions and neither is an invertible morphism in
the smooth topos.

These prime smooth functions capture irreducible smooth mappings in syn-
thetic differential geometry, enabling a deeper understanding of how differen-
tiable structures interact.

26 Prime Elements in Higher Category Theory

We extend the notion of prime elements further into higher category theory,
focusing on prime objects and morphisms in n-categories and beyond.

15



26.1 Prime Objects in n-Categories

Let C,, be an n-category. We define prime objects in an n-category as those that
cannot be decomposed into non-trivial lower-dimensional objects.

Definition 26.1 (Prime Objects in n-Categories). An object P in an n-category
Cyn s called prime if for any decomposition P = Ao B in C,, either A or B is
trivial or invertible in the sense of higher categories.

Prime objects in n-categories generalize the concept of primality to higher-
dimensional structures, allowing us to study irreducibility in a multi-layered
categorical context.

26.2 Prime Morphisms in n-Categories

We now define prime morphisms in n-categories, which generalize the concept
of prime maps to higher categorical levels.

Definition 26.2 (Prime Morphisms in n-Categories). A morphism f: A — B
in an n-category C, is called prime if for any factorization f = g o h, one of
the morphisms g or h must be an equivalence or trivial in the higher categorical
sense.

These prime morphisms introduce a new layer of abstraction, allowing us to
study fundamental interactions between objects in n-categories.

27 Prime Elements in Noncommutative Quan-
tum Field Theory

Noncommutative quantum field theory (NCQFT) extends quantum field theory
to noncommutative spaces, where the coordinates of spacetime do not commute.
Prime elements in NCQFT generalize the notion of fundamental excitations to
noncommutative settings.

27.1 Prime Noncommutative Fields

In NCQFT, we define prime fields as those field configurations that cannot be
decomposed into simpler noncommutative fields.

Definition 27.1 (Prime Noncommutative Fields). A field configuration ¢(x)
in noncommutative quantum field theory is called prime if it cannot be written
as ¢(x) = ¢1(x) - Ppa(x), where ¢1(x) and ¢o(x) are noncommutative field con-

figurations, and the product is non-invertible in the algebra of noncommutative
fields.

Prime noncommutative fields represent the most fundamental excitations in
NCQFT, offering insights into irreducible structures in noncommutative space-
time.

16



27.2 Prime Noncommutative Operators

We now define prime operators in NCQFT, which preserve the irreducibility of
noncommutative fields.

Definition 27.2 (Prime Noncommutative Operators). An operator O in non-
commutative quantum field theory is called prime if for any noncommutative
field (x), the action of O on ¢(x) either leaves (x) prime or results in a
scalar multiple of ¢(z), i.e., Op(x) = Ap(x) for some scalar \.

Prime noncommutative operators serve as the fundamental interactions in
NCQFT, preserving the primality of field excitations.

28 Prime Elements in Topological Quantum Field
Theory (TQFT)

We further extend the study of prime elements into topological quantum field
theory (TQFT), where prime elements correspond to fundamental topological
states and operators.

28.1 Prime Topological States

In TQFT, topological states represent equivalence classes of field configurations
under smooth deformations. Prime topological states are those that cannot be
decomposed into non-trivial topological classes.

Definition 28.1 (Prime Topological States). A topological state U in TQFT
1s called prime if it cannot be decomposed as ¥ = Wy @ Uy, where ¥y and ¥y
are non-trivial topological states.

These prime topological states represent the irreducible building blocks in
TQFT, capturing the fundamental topological features of the theory.

28.2 Prime Topological Operators

We now define prime topological operators, which act on prime topological states
while preserving their fundamental topological structure.

Definition 28.2 (Prime Topological Operators). An operator T in TQFT is
called prime if, when acting on a prime topological state ¥, it either leaves ¥
prime or results in a trivial topological state, i.e., TW = AU for some scalar \.

Prime topological operators provide new tools for understanding the inter-
actions between fundamental topological objects in TQFT.
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29 Prime Elements in Algebraic K-Theory

We extend the concept of prime elements into algebraic K-theory, a branch
of mathematics that studies projective modules and vector bundles through a
homotopy-theoretic lens.

29.1 Prime Classes in K-Theory

Let Ko(R) denote the Grothendieck group of projective modules over a ring R.
Prime classes in K-theory are defined as those classes that cannot be decomposed
into non-trivial sums of other classes.

Definition 29.1 (Prime Classes in K-Theory). An element [P] € Ky(R),
representing a projective module P, is called prime if it cannot be written as
[P] = [P1] + [P2] where [Py] and [P2] are non-trivial elements of Ko(R).

Prime classes in K-theory capture the fundamental projective modules that
cannot be decomposed, representing essential building blocks in the theory of
projective modules.

29.2 Prime Operations in K-Theory

We now define prime operations in K-theory, which preserve the prime nature
of projective modules.

Definition 29.2 (Prime Operations in K-Theory). An operation ¢ : Ko(R) —
Ky(S) between K-theory groups is called prime if for any prime class [P] €

Ky(R), the image ¢([P)) is either prime or a scalar multiple of a prime class in
Ky(S).

These prime operations enable the transfer of prime structures between dif-
ferent rings and fields in the context of K-theory.

30 Prime Elements in Motivic Homotopy The-
ory

Motivic homotopy theory generalizes classical homotopy theory to the context
of algebraic geometry. Prime elements in motivic homotopy theory correspond
to irreducible objects in the motivic stable homotopy category.

30.1 Prime Motivic Spectra

Let SH(k) denote the motivic stable homotopy category over a base field k.
Prime motivic spectra are those spectra that cannot be decomposed into non-
trivial motivic spectra.
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Definition 30.1 (Prime Motivic Spectra). A motivic spectrum X € SH(k) is
called prime if it cannot be written as X = Y ANZ, whereY and Z are non-trivial
motivic spectra.

Prime motivic spectra represent fundamental objects in motivic homotopy
theory, analogous to prime numbers in arithmetic.

30.2 Prime Morphisms in Motivic Homotopy Theory

We now define prime morphisms in motivic homotopy theory, which preserve
the irreducibility of motivic spectra.

Definition 30.2 (Prime Motivic Morphisms). A morphism f : X — Y in
SH(k) is called prime if for any factorization f = go h, either g or h is trivial
or an equivalence in the motivic homotopy category.

Prime motivic morphisms allow us to study the fundamental interactions
between motivic spectra, offering new insights into the structure of algebraic
varieties and their cohomology.

31 Prime Elements in Higher Dimensional Topos
Theory

We now generalize the concept of prime elements into higher-dimensional topos
theory, where prime objects and morphisms exist in multi-level categorical struc-
tures.

31.1 Prime Objects in Higher Topoi

Let T be a higher-dimensional topos. Prime objects in a higher-dimensional
topos are those that cannot be decomposed into lower-dimensional objects or
factored through non-invertible morphisms.

Definition 31.1 (Prime Objects in Higher Topoi). An object P € T is called
prime if, for any decomposition P = A x B in T, one of A or B must be trivial
or an equivalence in the higher topos.

These prime objects in higher topoi extend the classical notion of prime
objects to multi-layered logical and categorical structures.

31.2 Prime Logical Elements in Higher Topoi

We now extend prime logical elements to higher-dimensional topoi, where truth
values exist at multiple levels of logical abstraction.

Definition 31.2 (Prime Logical Elements in Higher Topoi). A truth value t
in the internal logic of a higher-dimensional topos T is called prime if for any
decomposition t1 N to = t, one of t1 or ta must be an equivalence or a trivial
truth value in the logic of T .
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These prime logical elements capture fundamental logical structures in higher-
dimensional topoi, reflecting irreducibility at multiple levels of abstraction.

32 Expansion into Speculative Mathematical Frame-
works

The indefinite expansion of prime elements can also be extended into speculative
mathematical frameworks, including;:

e Prime elements in the context of the holographic principle, where primal-
ity reflects fundamental quantum information stored on the boundary of
spacetime.

e Prime structures in multiverse theories, where prime objects in different
universes interact in higher-dimensional moduli spaces.

e Prime elements in categorical quantum mechanics, where irreducible quan-
tum states and morphisms serve as the building blocks of quantum cate-
gories.

e Prime elements in generalized logic systems, such as intuitionistic or para-
consistent logic, where prime truth values reflect the core indivisible truths
of the system.

These speculative frameworks provide new opportunities for redefining and
exploring prime elements in mathematical structures beyond current under-
standing, allowing the theory to expand indefinitely.

33 Prime Elements in Higher Dimensional Non-
commutative Geometry

We further extend the concept of prime elements to higher dimensional noncom-
mutative geometry. Here, prime elements are studied within noncommutative
spaces equipped with higher structures such as gerbes, bundles, and connections,
allowing us to generalize primality in these settings.

33.1 Prime Gerbes in Noncommutative Geometry

Gerbes, which generalize bundles in geometry, play a significant role in the
study of higher structures in noncommutative spaces. We introduce the notion
of prime gerbes.

Definition 33.1 (Prime Gerbes). A gerbe G in noncommutative geometry is
called prime if it cannot be factored into a product or sum of other gerbes, i.e.,
G # G1 ® Go where Gy and Gy are non-trivial gerbes.

Prime gerbes represent irreducible higher objects in noncommutative geom-
etry, which cannot be further decomposed.
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33.2 Prime Noncommutative Bundles and Connections

We now define prime bundles and connections in the context of noncommutative
geometry.

Definition 33.2 (Prime Noncommutative Bundles). A noncommutative vector
bundle £ is called prime if it cannot be decomposed into a direct sum of sub-
bundles, i.e., £ # & D Ey where & and & are non-trivial noncommutative
bundles.

Similarly, prime connections are those that preserve the irreducibility of the
bundles they act upon.

Definition 33.3 (Prime Noncommutative Connections). A connection V on a
noncommutative bundle £ is called prime if for any decomposition € = & & &,
V cannot be factored through a decomposition of the bundle and acts irreducibly
on E.

These prime bundles and connections extend primality into higher geometric
objects in noncommutative settings, capturing irreducibility in more abstract
spaces.

34 Prime Elements in Derived Categories of Non-
commutative Spaces

In derived categories of noncommutative spaces, we define prime objects and
morphisms that extend the notion of primality to the derived setting.

34.1 Prime Objects in Derived Noncommutative Spaces

Let D(A) be the derived category of a noncommutative algebra A. We define
prime objects in this category as follows.

Definition 34.1 (Prime Objects in Derived Noncommutative Categories). An
object P € D(A) is called prime if it cannot be written as a direct sum of other
objects in the derived category, i.e., P # Q ® R where Q and R are non-trivial
objects in D(A).

Prime objects in derived noncommutative categories represent fundamental,
irreducible objects that cannot be broken down further.

34.2 Prime Morphisms in Derived Noncommutative Cat-
egories

We extend the definition of prime morphisms to derived categories.
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Definition 34.2 (Prime Morphisms in Derived Noncommutative Categories).
A morphism f : P — Q in the derived category D(A) is called prime if it cannot
be factored as f = g o h where g and h are non-invertible morphisms, or one of
them is trivial.

These prime morphisms capture irreducibility in the interactions between
objects in derived noncommutative categories, and they generalize the notion
of prime factorizations.

35 Prime Elements in Deformation Quantiza-
tion
In deformation quantization, classical geometric structures are deformed into

noncommutative counterparts. We define prime elements in this context as
objects that remain irreducible under the deformation process.

35.1 Prime Deformation Quantized Algebras

Let Ay be a deformation quantized algebra, where h represents the deformation
parameter. We define prime elements in deformation quantization as follows.

Definition 35.1 (Prime Elements in Deformation Quantization). An element
a € Ay, is called prime if it cannot be factored as a = a1 - as where a1 and as
are non-invertible in Ay, and a remains prime as h — 0 (in the classical limit).

Prime elements in deformation quantized algebras capture the irreducibility
of objects that persist through the quantization process

36 Prime Elements in Higher Dimensional Non-
commutative Geometry

We further extend the concept of prime elements to higher dimensional noncom-
mutative geometry. Here, prime elements are studied within noncommutative
spaces equipped with higher structures such as gerbes, bundles, and connections,
allowing us to generalize primality in these settings.

36.1 Prime Gerbes in Noncommutative Geometry

Gerbes, which generalize bundles in geometry, play a significant role in the
study of higher structures in noncommutative spaces. We introduce the notion
of prime gerbes.

Definition 36.1 (Prime Gerbes). A gerbe G in noncommutative geometry is
called prime if it cannot be factored into a product or sum of other gerbes, i.e.,
G # G1 & Go where Gy and Gy are non-trivial gerbes.
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Prime gerbes represent irreducible higher objects in noncommutative geom-
etry, which cannot be further decomposed.

36.2 Prime Noncommutative Bundles and Connections

We now define prime bundles and connections in the context of noncommutative
geometry.

Definition 36.2 (Prime Noncommutative Bundles). A noncommutative vector
bundle £ is called prime if it cannot be decomposed into a direct sum of sub-
bundles, i.e., £ # & D Ey where &1 and & are non-trivial noncommutative
bundles.

Similarly, prime connections are those that preserve the irreducibility of the
bundles they act upon.

Definition 36.3 (Prime Noncommutative Connections). A connection V on a
noncommutative bundle £ is called prime if for any decomposition € = & & E,,
V cannot be factored through a decomposition of the bundle and acts irreducibly
on E.

These prime bundles and connections extend primality into higher geometric
objects in noncommutative settings, capturing irreducibility in more abstract
spaces.

37 Prime Elements in Derived Categories of Non-
commutative Spaces

In derived categories of noncommutative spaces, we define prime objects and
morphisms that extend the notion of primality to the derived setting.

37.1 Prime Objects in Derived Noncommutative Spaces

Let D(A) be the derived category of a noncommutative algebra A. We define
prime objects in this category as follows.

Definition 37.1 (Prime Objects in Derived Noncommutative Categories). An
object P € D(A) is called prime if it cannot be written as a direct sum of other
objects in the derived category, i.e., P # Q ® R where Q and R are non-trivial
objects in D(A).

Prime objects in derived noncommutative categories represent fundamental,
irreducible objects that cannot be broken down further.
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37.2 Prime Morphisms in Derived Noncommutative Cat-
egories

We extend the definition of prime morphisms to derived categories.

Definition 37.2 (Prime Morphisms in Derived Noncommutative Categories).
A morphism f : P — Q in the derived category D(A) is called prime if it cannot
be factored as f = g o h where g and h are non-invertible morphisms, or one of
them is trivial.

These prime morphisms capture irreducibility in the interactions between
objects in derived noncommutative categories, and they generalize the notion
of prime factorizations.

38 Prime Elements in Deformation Quantiza-
tion
In deformation quantization, classical geometric structures are deformed into

noncommutative counterparts. We define prime elements in this context as
objects that remain irreducible under the deformation process.

38.1 Prime Deformation Quantized Algebras

Let Ay be a deformation quantized algebra, where h represents the deformation
parameter. We define prime elements in deformation quantization as follows.

Definition 38.1 (Prime Elements in Deformation Quantization). An element
a € Ay, is called prime if it cannot be factored as a = a1 - as where a1 and as
are non-invertible in Ay, and a remains prime as h — 0 (in the classical limit).

Prime elements in deformation quantized algebras capture the irreducibility
of objects that persist through the quantization process

39 Prime Elements in Higher Category Theory:
2-Categories and Beyond

We further extend the notion of prime elements into the realm of higher cat-
egory theory, focusing on 2-categories and n-categories. In these structures,
prime objects and morphisms exist not only between objects but also between
morphisms and higher-dimensional entities.

39.1 Prime Objects in 2-Categories

Let C be a 2-category, where objects have morphisms between them, and these
morphisms have 2-morphisms between them. Prime objects in a 2-category are
defined as those that cannot be decomposed into a composition of other objects
in the 2-category structure.

24



Definition 39.1 (Prime Objects in 2-Categories). An object P in a 2-category
C is called prime if, for any factorization P = A® B, either A or B is invertible
or trivial.

Prime objects in 2-categories extend the concept of primality by incorporat-
ing higher-dimensional relationships between objects.

39.2 Prime Morphisms in 2-Categories

In addition to prime objects, we define prime 1-morphisms and prime 2-morphisms
within the 2-category framework. These morphisms reflect irreducibility in both
the object-to-object relationships and morphism-to-morphism structures.

Definition 39.2 (Prime 1-Morphisms and 2-Morphisms in 2-Categories). A
1-morphism f : A — B in a 2-category C is called prime if it cannot be factored
as f = g o h where neither g nor h is trivial or invertible.

A 2-morphism « : f = g between two 1-morphisms f and g is called prime
if it cannot be decomposed into a composition of other non-trivial 2-morphisms.

These prime morphisms in 2-categories represent fundamental interactions at
multiple levels of abstraction, extending primality into the 2-categorical frame-
work.

39.3 Prime Objects in n-Categories

We now generalize prime objects to n-categories, where objects exist in vari-
ous layers of relationships through n-morphisms. Primality in this setting is
recursively defined.

Definition 39.3 (Prime Objects in n-Categories). An object P in an n-category
C is called prime if, for any decomposition into lower categorical levels, P can-
not be factored into a non-trivial product of other objects, morphisms, or k-
morphisms for k < n.

Prime objects in n-categories capture the essence of primality across all
dimensions of category theory, making them irreducible at every level of the
structure.

40 Prime Elements in Higher Homotopy Theory

We now extend primality into higher homotopy theory, where spaces are studied
through their homotopy groups and higher homotopy types. Prime elements
in this context correspond to fundamental spaces and maps that cannot be
decomposed into simpler homotopy types.
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40.1 Prime Homotopy Groups

Let m,(X) denote the k-th homotopy group of a space X. Prime homotopy
groups are defined as those that cannot be decomposed into a direct sum of
other homotopy groups.

Definition 40.1 (Prime Homotopy Groups). A homotopy group mi(X) is called
prime if it cannot be written as mp(X) = (V) ® 7 (Z) where Y and Z are
non-trivial spaces.

Prime homotopy groups represent irreducible structures in the homotopy
theory of spaces, capturing fundamental topological information.

40.2 Prime Maps in Homotopy Theory

In addition to prime homotopy groups, we define prime maps between spaces,
which cannot be factored through non-trivial homotopy equivalences.

Definition 40.2 (Prime Homotopy Maps). A map f : X — Y in homotopy
theory is called prime if it cannot be factored as f = g o h, where g and h are
non-trivial or non-invertible homotopy maps.

Prime homotopy maps preserve the fundamental topological structure of
spaces under continuous deformations, allowing for the study of primality in
the homotopy category.

40.3 Prime Higher Homotopy Types

Prime elements can also be defined in the context of higher homotopy types,
where spaces are classified not just by their homotopy groups but by their entire
homotopy type.

Definition 40.3 (Prime Higher Homotopy Types). A space X has a prime
higher homotopy type if it cannot be written as a product or sum of other
spaces with distinct higher homotopy types, i.e., X # Y X Z where Y and Z
have distinct homotopy types.

Prime higher homotopy types represent the most fundamental building blocks
in the study of topological spaces, providing insight into the irreducible nature
of spaces under continuous deformations.

41 Prime Elements in Derived Categories of Sheaves
and Cosheaves
In derived categories of sheaves and cosheaves, prime objects and morphisms

represent fundamental irreducible structures that cannot be decomposed into
simpler components.
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41.1 Prime Sheaves and Cosheaves

Let D(X) be the derived category of sheaves on a space X. Prime sheaves are
defined as those that cannot be decomposed into a direct sum of other sheaves.

Definition 41.1 (Prime Sheaves). A sheaf F € D(X) is called prime if it
cannot be written as F = F1 ® Fo, where F1 and Fo are non-trivial sheaves.

Similarly, prime cosheaves are defined in the dual setting of cosheaves.

Definition 41.2 (Prime Cosheaves). A cosheaf G on a space X is called prime
if it cannot be written as a direct sum G = Gy & Go where G and Gy are non-
trivial cosheaves.

Prime sheaves and cosheaves are fundamental in the study of derived cate-
gories, representing the simplest possible objects in the categorical structure.

41.2 Prime Morphisms in Derived Sheaves and Cosheaves

We define prime morphisms in the derived category of sheaves and cosheaves,
capturing irreducible transformations between these objects.

Definition 41.3 (Prime Morphisms in Derived Sheaves). A morphism f : F —
G in the derived category D(X) is called prime if it cannot be factored as f = goh
where g and h are non-trivial morphisms between other sheaves or cosheaves.

Prime morphisms in derived categories preserve the irreducibility of trans-
formations between sheaves and cosheaves, providing a tool for understanding
the fundamental maps in these categories.

42 Prime Elements in Stable Homotopy Theory

Stable homotopy theory generalizes classical homotopy theory by stabilizing the
suspension operation. Prime elements in stable homotopy theory correspond to
irreducible spectra and stable maps.

42.1 Prime Spectra in Stable Homotopy Theory

Let S be the stable homotopy category of spectra. Prime spectra are defined as
those spectra that cannot be decomposed into a wedge sum of other spectra.

Definition 42.1 (Prime Spectra). A spectrum X € S is called prime if it
cannot be written as a wedge sum X = X1V Xo where X1 and Xo are non-
trivial spectra.

Prime spectra represent the fundamental building blocks in stable homotopy
theory, capturing the simplest possible stable objects.
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42.2 Prime Stable Maps

We define prime stable maps as those maps between spectra that cannot be
factored into simpler stable maps.

Definition 42.2 (Prime Stable Maps). A map f : X — Y between spectra in
the stable homotopy category is called prime if it cannot be factored as f = goh,
where g and h are non-trivial stable maps.

Prime stable maps represent irreducible transformations in stable homotopy
theory, preserving the primality of spectra.

43 Prime Elements in Motivic Stable Homotopy
Theory

Motivic stable homotopy theory combines motivic homotopy theory with stable
homotopy theory, providing a framework to study stable homotopy types of al-
gebraic varieties. Prime elements in motivic stable homotopy theory are defined
similarly to stable homotopy theory but incorporate motivic information.

43.1 Prime Motivic Spectra

Let SH(k) denote the motivic stable homotopy category over a base field k.
Prime motivic spectra are defined as those that cannot be decomposed into a
wedge sum of other motivic spectra.

Definition 43.1 (Prime Motivic Spectra). A motivic spectrum X € SH(k) is
called prime if it cannot be written as a wedge sum X = X1V Xs where X1 and
X5 are non-trivial motivic spectra.

Prime motivic spectra represent the simplest stable objects in motivic ho-
motopy theory, capturing irreducibility in both homotopy and motivic contexts.

43.2 Prime Motivic Stable Maps

We define prime stable maps in motivic stable homotopy theory as those maps
between motivic spectra that cannot be factored into simpler motivic stable
maps.

Definition 43.2 (Prime Motivic Stable Maps). A stable map f : X — Y
between motivic spectra is called prime if it cannot be factored as f = go h,
where g and h are non-trivial motivic stable maps.

Prime motivic stable maps preserve the primality of motivic spectra, offer-
ing insights into the fundamental stable transformations in motivic homotopy
theory.
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44 Prime Elements in Higher Cobordism Cate-
gories

Cobordism categories describe manifolds and their relationships through boundary-
preserving maps. Prime elements in higher cobordism categories correspond to
irreducible cobordisms between manifolds.

44.1 Prime Cobordisms

A cobordism W between manifolds M and N is called prime if it cannot be
decomposed into a composition of simpler cobordisms.

Definition 44.1 (Prime Cobordisms). A cobordism W : M — N s called
prime if it cannot be written as W = Wy o Wy where W1 and Wy are non-trivial
cobordisms between other manifolds.

Prime cobordisms represent the simplest possible relationships between man-
ifolds in higher-dimensional cobordism categories.

44.2 Prime Cobordism Maps

We define prime cobordism maps as those maps between cobordisms that pre-
serve their primality.

Definition 44.2 (Prime Cobordism Maps). A map f : W — W' between
cobordisms is called prime if it cannot be factored as f = go h, where g and h
are non-trivial maps between cobordisms.

Prime cobordism maps preserve the fundamental structure of cobordisms,
capturing the irreducibility of boundary-preserving transformations between
manifolds.

45 Prime Elements in Multiverse Theories

In speculative frameworks such as multiverse theories, prime elements can be
defined as irreducible objects or processes that cannot be decomposed across
different universes or higher-dimensional spaces.

45.1 Prime Universes in Multiverse Theory

A universe U in a multiverse is called prime if it cannot be decomposed into
a product or sum of other universes, i.e., U # U; x Uy where U; and U, are
distinct universes.

Definition 45.1 (Prime Universes). A universe U in a multiverse is called
prime if it cannot be factored into non-trivial combinations of other universes,
and retains its irreducibility across higher-dimensional interactions.
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Prime universes represent fundamental building blocks in speculative multi-
verse theories, offering insight into the irreducibility of universes across different
dimensions or realms of existence.

46 Prime Elements in Higher Twisted Topolog-
ical Field Theories

We extend the concept of prime elements to higher twisted topological field the-
ories (TFTs), where the topological structure is modified by a twisting mech-
anism such as a bundle, gerbe, or higher structure. Prime elements in this
context correspond to irreducible states, operators, and twists.

46.1 Prime Twisted States in Higher TFTs

A state in a twisted TFT is influenced by the twist, which modifies the un-
derlying topological structure. Prime twisted states are those that cannot be
decomposed into simpler twisted states.

Definition 46.1 (Prime Twisted States in Higher TFTs). A twisted state ¥ in
a higher-dimensional twisted topological field theory is called prime if it cannot
be written as ¥ = Uy & ¥y, where V1 and Vo are non-trivial twisted states.

Prime twisted states capture the irreducible topological content in the pres-
ence of twists, representing fundamental building blocks of the theory.

46.2 Prime Twisted Operators in Higher TFTs

We define prime twisted operators, which act on prime twisted states without
decomposing them further.

Definition 46.2 (Prime Twisted Operators in Higher TFTs). An operator T
in a higher twisted TFT is called prime if, when acting on a prime twisted state
U, it either preserves the primality of ¥ or results in a scalar multiple of W,
i.e., TU = \U for some scalar .

Prime twisted operators maintain the irreducibility of topological states un-
der the action of operators in twisted topological field theories.

46.3 Prime Twists in Higher TFTs

A twist in a topological field theory can be defined by a bundle, gerbe, or
other higher structure. Prime twists are those that cannot be factored into a
combination of simpler twists.

Definition 46.3 (Prime Twists in Higher TFTs). A twist T in a higher-
dimensional twisted topological field theory is called prime if it cannot be written
as T =T ® Tz, where T1 and Tz are non-trivial twists.
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Prime twists represent fundamental modifications to the topological struc-
ture, serving as the simplest non-decomposable twists in the theory.

47 Prime Elements in Higher Stacks and Twisted
Stacks

Stacks generalize schemes and moduli spaces, and twisted stacks include addi-
tional structures such as gerbes. Prime elements in higher stacks and twisted
stacks reflect irreducible objects, morphisms, and twists.

47.1 Prime Objects in Higher Stacks

Let X be a higher stack. Prime objects in higher stacks are defined as those
that cannot be decomposed into non-trivial components.

Definition 47.1 (Prime Objects in Higher Stacks). An object P in a higher
stack X is called prime if it cannot be written as P = Py ® P,, where P; and
P> are non-trivial objects in X .

Prime objects in higher stacks represent irreducible components in the con-
text of moduli spaces and higher algebraic geometry.

47.2 Prime Morphisms in Higher Stacks

Morphisms in higher stacks can also exhibit primality. Prime morphisms are
those that cannot be factored into simpler morphisms.

Definition 47.2 (Prime Morphisms in Higher Stacks). A morphism f: P — Q
in a higher stack X is called prime if it cannot be factored as f = g o h, where
g and h are mon-trivial or non-invertible morphisms.

Prime morphisms in higher stacks capture irreducibility in the relationships
between objects in moduli spaces.

47.3 Prime Twists in Twisted Stacks

Twisted stacks generalize stacks by including additional twisting data, such as
bundles or gerbes. Prime twists in twisted stacks are defined as follows.

Definition 47.3 (Prime Twists in Twisted Stacks). A twist T on a twisted
stack X s called prime if it cannot be decomposed into a direct sum of other
twists, i.e., T = T1 ® To where T1 and To are non-trivial twists.

Prime twists in twisted stacks represent irreducible twisting data, fundamen-
tal to the structure of moduli spaces with additional geometric or topological
information.
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48 Prime Elements in Twisted Derived Cate-
gories

In twisted derived categories, we consider the primality of objects and mor-
phisms when additional twisting structures such as gerbes or sheaves are intro-
duced.

48.1 Prime Objects in Twisted Derived Categories

Let Diywist (X) denote the twisted derived category of a space X. Prime objects
in twisted derived categories are those that cannot be decomposed into non-
trivial direct sums.

Definition 48.1 (Prime Objects in Twisted Derived Categories). An object
F € Dyist(X) is called prime if it cannot be written as F = F1 & Fo, where Fy
and Fo are non-trivial objects in the twisted derived category.

Prime objects in twisted derived categories capture the irreducibility of ob-
jects in the presence of twisting structures such as bundles or gerbes.

48.2 Prime Morphisms in Twisted Derived Categories

Morphisms in twisted derived categories can also be prime, preserving the irre-
ducibility of the objects they map between.

Definition 48.2 (Prime Morphisms in Twisted Derived Categories). A mor-
phism f : F — G in a twisted derived category is called prime if it cannot be
factored into non-trivial morphisms, i.e., f = g o h where neither g nor h is
invertible or trivial.

Prime morphisms in twisted derived categories ensure that the transfor-
mations between objects remain irreducible, even in the presence of twisting
structures.

49 Prime Elements in Higher Category Coho-
mology

We extend the notion of prime elements to higher category cohomology, where
objects, morphisms, and higher morphisms in categories are studied through
their cohomological properties.

49.1 Prime Classes in Higher Category Cohomology

Let H*(C) be the k-th cohomology group of a category C. Prime cohomology
classes are those that cannot be decomposed into non-trivial sums of other
cohomology classes.
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Definition 49.1 (Prime Cohomology Classes in Higher Categories). A coho-
mology class o € H*(C) is called prime if it cannot be written as a = ay + s,
where a1 and s are non-trivial cohomology classes.

Prime cohomology classes in higher categories capture fundamental cohomo-
logical structures that are indivisible.

49.2 Prime Cohomological Morphisms

We now define prime cohomological morphisms, which preserve the irreducibility
of cohomology classes in higher categories.

Definition 49.2 (Prime Cohomological Morphisms). A morphism f : o — 8
between cohomology classes in higher categories is called prime if it cannot be
factored into non-trivial morphisms, i.e., f = g o h where neither g nor h is
trivial.

Prime cohomological morphisms ensure that the transformations between
cohomology classes in higher categories preserve their fundamental, irreducible
nature.

50 Prime Elements in Higher Galois Theory

Higher Galois theory extends classical Galois theory by incorporating higher-
dimensional algebraic and topological structures. Prime elements in higher Ga-
lois theory reflect irreducible automorphisms and field extensions.

50.1 Prime Field Extensions in Higher Galois Theory

Let L/K be a field extension in the context of higher Galois theory. Prime
field extensions are those that cannot be decomposed into smaller, non-trivial
extensions.

Definition 50.1 (Prime Field Extensions in Higher Galois Theory). A field
extension L /K is called prime if it cannot be written as a composition of smaller
extensions, i.e., L/K # L1/K X Ly/K where L1 /K and L2/K are non-trivial.

Prime field extensions represent the simplest possible extensions in the con-
text of higher Galois theory.

50.2 Prime Automorphisms in Higher Galois Theory

Automorphisms in higher Galois theory generalize classical Galois automor-
phisms. Prime automorphisms are those that cannot be factored into a compo-
sition of simpler automorphisms.

Definition 50.2 (Prime Automorphisms in Higher Galois Theory). An auto-
morphism o : L — L in higher Galois theory is called prime if it cannot be
written as o = o1 0 09, where o1 and oo are non-trivial automorphisms.
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Prime automorphisms reflect the most fundamental symmetry operations in
higher Galois theory, corresponding to irreducible transformations in the field
extension.

51 Prime Elements in Higher Lie Algebras and
Lie Groups

We extend primality to higher Lie algebras and Lie groups, focusing on prime el-
ements and morphisms in these structures, which generalize classical Lie theory
to higher dimensions.

51.1 Prime Elements in Higher Lie Algebras

Let g be a higher Lie algebra. Prime elements in higher Lie algebras are those
that cannot be written as linear combinations or Lie brackets of other elements.

Definition 51.1 (Prime Elements in Higher Lie Algebras). An element X € g
is called prime if it cannot be written as X = [Y, Z] or a linear combination of
non-trivial elements Y, Z € g.

Prime elements in higher Lie algebras represent the most fundamental gen-
erators of the algebra, corresponding to irreducible symmetries.

51.2 Prime Morphisms in Higher Lie Algebras

Morphisms between higher Lie algebras can also be prime, preserving the irre-
ducibility of the elements they map between.

Definition 51.2 (Prime Morphisms in Higher Lie Algebras). A morphism ¢ :
g — b between higher Lie algebras is called prime if it cannot be factored into
non-trivial morphisms, i.e., ¢ = @1 o ¢o where neither ¢1 nor ¢o is invertible or
trivial.

Prime morphisms in higher Lie algebras ensure that the transformations
between Lie algebras preserve the fundamental irreducibility of the structure.

51.3 Prime Elements in Higher Lie Groups

We extend primality to higher Lie groups, where prime elements correspond to
irreducible group elements that cannot be decomposed into a product of other
elements.

Definition 51.3 (Prime Elements in Higher Lie Groups). An element g € G
in a higher Lie group is called prime if it cannot be written as g = g1 - g2, where
g1 and go are non-trivial elements of G.

Prime elements in higher Lie groups reflect fundamental symmetries that
cannot be decomposed into simpler group elements, capturing the basic building
blocks of group theory in higher dimensions.
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51.4 Prime Morphisms in Higher Lie Groups

Morphisms between higher Lie groups can also exhibit primality, preserving the
irreducibility of group elements.

Definition 51.4 (Prime Morphisms in Higher Lie Groups). A morphism ¢ :
G — H between higher Lie groups is called prime if it cannot be factored as
¢ = ¢1 0 ¢2, where ¢p1 and P2 are non-trivial morphisms.

Prime morphisms in higher Lie groups provide fundamental maps between
group structures, preserving the irreducibility of group elements in higher-
dimensional settings.

52 Prime Elements in Higher-Dimensional Non-
commutative Geometry with Additional Struc-
ture

We extend the study of prime elements in noncommutative geometry by incor-
porating additional structures such as noncommutative vector bundles, gerbes,
and modules over noncommutative spaces. Prime elements in these settings
represent fundamental irreducible objects within noncommutative geometry.

52.1 Prime Noncommutative Vector Bundles with Gerbes

Let A be a noncommutative algebra, and let £ be a noncommutative vector
bundle twisted by a gerbe G. Prime noncommutative bundles are those that
cannot be decomposed into direct sums of other twisted bundles.

Definition 52.1 (Prime Noncommutative Vector Bundles with Gerbes). A
noncommutative vector bundle £ twisted by a gerbe G is called prime if it cannot
be written as € = &1 ® &, where &1 and & are non-trivial bundles with twisting

by G.

Prime noncommutative vector bundles with gerbes represent the most fun-
damental building blocks in noncommutative geometry with additional twisting
structures.

52.2 Prime Noncommutative Modules

We extend primality to modules over noncommutative algebras, which can be
viewed as generalizations of vector bundles in noncommutative settings.

Definition 52.2 (Prime Noncommutative Modules). A module M over a non-
commutative algebra A is called prime if it cannot be written as a direct sum

M = M, & My, where My and My are non-trivial A-modules.

Prime noncommutative modules are essential to understanding the irre-
ducible structures of algebraic systems in noncommutative settings.
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53 Prime Elements in Higher-Dimensional Non-
commutative String Theory

We now introduce prime elements in the context of higher-dimensional non-
commutative string theory, where both spacetime coordinates and strings fol-
low noncommutative algebraic relations. Prime elements represent irreducible
strings and branes.

53.1 Prime Noncommutative Strings

Noncommutative string theory modifies the commutative relations between string
coordinates. Prime noncommutative strings are those that cannot be factored
into products of simpler strings.

Definition 53.1 (Prime Noncommutative Strings). A string configuration %
i noncommutative string theory is called prime if it cannot be decomposed into
a product of other string configurations, i.e., X # X1 - Yo where X1 and Yo are
non-trivial noncommutative strings.

Prime noncommutative strings represent the fundamental objects in non-
commutative string theory, capturing the irreducible behavior of string states
under noncommutative transformations.

53.2 Prime Noncommutative Branes

In noncommutative string theory, branes are higher-dimensional objects that
obey noncommutative relations. Prime noncommutative branes are those that
cannot be decomposed into smaller, simpler branes.

Definition 53.2 (Prime Noncommutative Branes). A p-brane B in noncom-
mutative string theory is called prime if it cannot be decomposed into a product
of other branes, i.e., B # By X By where By and By are non-trivial branes.

Prime noncommutative branes are fundamental objects that cannot be de-
composed or factored within the noncommutative framework of string theory.

54 Prime Elements in Higher-Dimensional Non-

commutative Quantum Field Theory
Noncommutative quantum field theory (NCQFT) extends the usual field theory
to noncommutative spacetime coordinates. Prime elements in higher-dimensional

NCQFT correspond to irreducible fields and operators that preserve the non-
commutative structure.
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54.1 Prime Noncommutative Quantum Fields

In NCQFT, fields are defined over noncommutative spacetimes. Prime noncom-
mutative fields are those that cannot be decomposed into a product or sum of
other fields.

Definition 54.1 (Prime Noncommutative Quantum Fields). A field ¢(z) in
noncommutative quantum field theory is called prime if it cannot be written as
o(x) = ¢1(x) - Pa(x) where ¢p1(x) and ¢2(x) are non-trivial noncommutative

fields.

Prime noncommutative quantum fields represent the most fundamental ex-
citations in NCQFT, capturing the irreducibility of field configurations in non-
commutative settings.

54.2 Prime Noncommutative Quantum Operators

Operators in NCQFT act on noncommutative quantum fields. Prime noncom-
mutative operators preserve the primality of the fields they act upon.

Definition 54.2 (Prime Noncommutative Quantum Operators). An operator
O in noncommutative quantum field theory is called prime if for any prime
noncommutative field ¢(z), the action of O on ¢(x) results in another prime
field or a scalar multiple of ¢(x), i.e., (jgb(z) = \p(x) for some scalar \.

Prime noncommutative operators preserve the irreducible nature of quantum
fields, ensuring that noncommutative structure remains intact under the action
of quantum operators.

55 Prime Elements in Noncommutative Topos
Theory

Topos theory generalizes set theory and logic, and we extend this to noncommu-
tative settings, where the underlying spaces are governed by noncommutative
algebraic relations. Prime elements in noncommutative topos theory capture
the fundamental irreducible objects and morphisms in these noncommutative
categorical settings.

55.1 Prime Objects in Noncommutative Topoi

Let 7 be a noncommutative topos, where objects are defined via a noncommu-
tative algebra of functions. Prime objects in noncommutative topoi are those
that cannot be decomposed into a product or sum of other objects.

Definition 55.1 (Prime Objects in Noncommutative Topoi). An object P in a
noncommutative topos T is called prime if it cannot be written as P = P, ® P,
where Py and Py are non-trivial objects in T .
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Prime objects in noncommutative topoi represent irreducible entities that
cannot be decomposed under the noncommutative algebra governing the topos.

55.2 Prime Morphisms in Noncommutative Topoi

We now define prime morphisms in noncommutative topoi, which are those that
cannot be factored into simpler morphisms between objects.

Definition 55.2 (Prime Morphisms in Noncommutative Topoi). A morphism
f: P — Q in a noncommutative topos T is called prime if it cannot be factored
as f = g o h, where neither g nor h is trivial or invertible.

Prime morphisms in noncommutative topoi capture fundamental interac-
tions between objects, preserving irreducibility in the noncommutative categor-
ical structure.

56 Prime Elements in Noncommutative Motivic
Homotopy Theory

Motivic homotopy theory combines algebraic geometry with homotopy theory,
and we now extend this to noncommutative settings. Prime elements in non-
commutative motivic homotopy theory represent irreducible motivic spectra and
maps in a noncommutative framework.

56.1 Prime Noncommutative Motivic Spectra

Let SH(A) denote the noncommutative motivic stable homotopy category over a
noncommutative algebra A. Prime noncommutative motivic spectra are defined
as follows.

Definition 56.1 (Prime Noncommutative Motivic Spectra). A motivic spec-
trum X € SH(A) is called prime if it cannot be decomposed into a wedge sum
X = X 1V Xy where X1 and X5 are non-trivial noncommutative motivic spectra.

Prime noncommutative motivic spectra represent fundamental objects in
the noncommutative motivic stable homotopy category, preserving irreducibility
across both motivic and noncommutative structures.

56.2 Prime Noncommutative Stable Maps

We define prime stable maps between noncommutative motivic spectra, which
preserve the irreducibility of spectra in the noncommutative motivic homotopy
setting.

Definition 56.2 (Prime Noncommutative Stable Maps). A stable map f :
X =Y between noncommutative motivic spectra is called prime if it cannot be
factored into non-trivial maps, i.e., f = goh where neither g nor h is trivial or
invertible.
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Prime noncommutative stable maps preserve the fundamental irreducibility
of motivic spectra, capturing the core structure of transformations in noncom-
mutative motivic homotopy theory.

57 Prime Elements in Quantum Topos Theory

Quantum topos theory blends ideas from quantum mechanics and topos the-
ory, generalizing the logic of quantum systems to categorical settings. Prime
elements in quantum topos theory represent fundamental quantum states, ob-
servables, and morphisms that are irreducible in both quantum and categorical
terms.

57.1 Prime Quantum States in Topos Theory

In quantum topos theory, quantum states are interpreted as objects within a
topos. Prime quantum states are those that cannot be decomposed into simpler
quantum states.

Definition 57.1 (Prime Quantum States in Topos Theory). A quantum state
U in a quantum topos T is called prime if it cannot be written as ¥ = ¥, G ¥y,
where U1 and Vo are non-trivial quantum states in T .

Prime quantum states in topos theory represent the most fundamental indi-
visible states in the quantum topos framework.

57.2 Prime Quantum Observables in Topos Theory

Observables in quantum topos theory are interpreted as morphisms between
quantum states. Prime quantum observables are those that cannot be factored
into simpler observables.

Definition 57.2 (Prime Quantum Observables in Topos Theory). A quantum
observable O : V1 — Wy in a quantum topos T is called prime if it cannot be
factored as O = Oy o Oy, where O1 and Oy are non-trivial observables.

Prime quantum observables capture irreducible measurements or transfor-
mations between quantum states within the categorical structure of a quantum
topos.

58 Prime Elements in Higher Noncommutative
Operads and Higher Algebraic Structures

We now extend the notion of prime elements to higher noncommutative oper-
ads, where operations and relations are governed by noncommutative algebraic

structures. Prime elements in these contexts represent irreducible operations
and compositions.
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58.1 Prime Elements in Noncommutative Higher Operads

Let O be a higher noncommutative operad. Prime elements in noncommutative
higher operads are those operations that cannot be decomposed into simpler,
non-trivial compositions.

Definition 58.1 (Prime Elements in Noncommutative Higher Operads). An
element P € O is called prime if it cannot be written as a composition of other
elements Py, P, € O, i.e., P # P o Py, where both Py and Py are non-trivial
operations in the operad.

Prime elements in noncommutative higher operads represent the most fun-
damental operations that cannot be factored into simpler processes, preserving
the irreducibility of the operadic composition in a noncommutative setting.

58.2 Prime Noncommutative Operadic Morphisms

Morphisms between noncommutative operads can also exhibit primality, pre-
serving the irreducibility of operations between noncommutative structures.

Definition 58.2 (Prime Noncommutative Operadic Morphisms). A morphism
¢ : O — P between noncommutative higher operads is called prime if it maps
prime elements of O to prime elements of P and does not decompose any non-
trivial operations.

Prime morphisms in noncommutative higher operads capture the irreducible
transformations between operadic structures in noncommutative contexts, en-
suring that the fundamental nature of operations is preserved.

59 Prime Elements in Noncommutative Higher
Lie Algebras and Groups

We extend primality into the domain of noncommutative higher Lie algebras and
groups, where elements and morphisms are governed by noncommutative Lie
relations. Prime elements in these settings correspond to irreducible generators
and transformations.

59.1 Prime Elements in Noncommutative Higher Lie Al-
gebras
Let g be a noncommutative higher Lie algebra. Prime elements in noncommu-

tative higher Lie algebras are those that cannot be written as Lie brackets or
linear combinations of other elements.

Definition 59.1 (Prime Elements in Noncommutative Higher Lie Algebras).
An element X € g is called prime if it cannot be written as X =[Y, Z] or as a
linear combination of non-trivial elements Y, Z € g.
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Prime elements in noncommutative higher Lie algebras represent the most
fundamental generators of the algebra, preserving the irreducibility of the non-
commutative Lie structure.

59.2 Prime Morphisms in Noncommutative Higher Lie
Algebras

Morphisms between noncommutative higher Lie algebras can also be prime,
preserving the irreducibility of the elements they map between.

Definition 59.2 (Prime Morphisms in Noncommutative Higher Lie Algebras).
A morphism ¢ : g — b between noncommutative higher Lie algebras is called
prime if it cannot be factored into non-trivial morphisms, i.e., ¢ = ¢1 o ¢a,
where neither ¢1 nor ¢o is trivial or invertible.

Prime morphisms in noncommutative higher Lie algebras ensure that the
transformations between Lie algebras preserve the fundamental irreducibility of
the structure.

59.3 Prime Elements in Noncommutative Higher Lie Groups

Let G be a noncommutative higher Lie group. Prime elements in noncommu-
tative higher Lie groups are defined as those that cannot be decomposed into
products of other group elements.

Definition 59.3 (Prime Elements in Noncommutative Higher Lie Groups). An
element g € G is called prime if it cannot be written as g = g1 - g2, where g1
and go are non-trivial elements of G.

Prime elements in noncommutative higher Lie groups represent the funda-
mental building blocks of group theory, capturing the irreducibility of group
elements under noncommutative relations.

59.4 Prime Morphisms in Noncommutative Higher Lie
Groups

We now define prime morphisms between noncommutative higher Lie groups,
which preserve the irreducibility of group elements.

Definition 59.4 (Prime Morphisms in Noncommutative Higher Lie Groups).
A morphism ¢ : G — H between noncommutative higher Lie groups is called
prime if it cannot be factored as ¢ = ¢1 o ¢o, where ¢1 and ¢ are non-trivial
or non-invertible morphisms.

Prime morphisms in noncommutative higher Lie groups represent fundamen-
tal transformations between groups, preserving the core structure of noncom-
mutative group elements.
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60 Prime Elements in Higher Noncommutative
Cobordism Categories

Cobordism categories describe relationships between manifolds through boundary-
preserving maps. We extend the notion of prime elements to higher noncommu-
tative cobordism categories, where cobordisms and their maps obey noncom-
mutative algebraic relations.

60.1 Prime Noncommutative Cobordisms

A noncommutative cobordism W between manifolds M and N is called prime
if it cannot be decomposed into simpler cobordisms.

Definition 60.1 (Prime Noncommutative Cobordisms). A noncommutative
cobordism W : M — N is called prime if it cannot be written as W = W1 o W,
where W1 and Ws are non-trivial noncommutative cobordisms.

Prime noncommutative cobordisms represent fundamental relationships be-
tween manifolds in noncommutative cobordism categories, preserving irreducibil-
ity in the boundary-preserving structure.

60.2 Prime Noncommutative Cobordism Maps

We now define prime maps between noncommutative cobordisms, which pre-
serve the irreducibility of the cobordisms they map between.

Definition 60.2 (Prime Noncommutative Cobordism Maps). A map f: W —
W' between noncommutative cobordisms is called prime if it cannot be factored
as f = goh, where g and h are non-trivial or non-invertible maps between
cobordisms.

Prime noncommutative cobordism maps preserve the fundamental irreducibil-
ity of noncommutative cobordisms, providing insights into the structure of
boundary-preserving transformations.

61 Prime Elements in Higher Noncommutative
Arithmetic Geometry

We extend primality into higher noncommutative arithmetic geometry, where
number-theoretic objects and structures follow noncommutative relations. Prime
elements in noncommutative arithmetic geometry correspond to irreducible va-
rieties, schemes, and morphisms that preserve the noncommutative arithmetic
structure.
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61.1 Prime Noncommutative Varieties

A variety V in noncommutative arithmetic geometry is called prime if it cannot
be decomposed into a product or sum of other non-trivial varieties.

Definition 61.1 (Prime Noncommutative Varieties). A noncommutative vari-
ety V is called prime if it cannot be written as V =V @ Va, where Vi and Vs
are non-trivial noncommutative varieties.

Prime noncommutative varieties represent the most fundamental objects in
noncommutative arithmetic geometry, capturing irreducibility in both geometric
and arithmetic contexts.

61.2 Prime Noncommutative Schemes

We now define prime noncommutative schemes, which are schemes that cannot
be decomposed into non-trivial products of other schemes in the noncommuta-
tive setting.

Definition 61.2 (Prime Noncommutative Schemes). A noncommutative scheme
S is called prime if it cannot be written as S = S1 ® Sy, where S1 and Sy are
non-trivial noncommutative schemes.

Prime noncommutative schemes capture the irreducible nature of schemes in
noncommutative arithmetic geometry, representing the simplest building blocks
of number-theoretic structures in the noncommutative world.

61.3 Prime Morphisms in Noncommutative Arithmetic
Geometry

We now define prime morphisms between noncommutative arithmetic varieties
and schemes, preserving the irreducibility of the objects they map between.

Definition 61.3 (Prime Morphisms in Noncommutative Arithmetic Geome-
try). A morphism f :V — W between noncommutative arithmetic varieties (or
schemes) is called prime if it cannot be factored as f = g o h, where neither g
nor h is trivial or invertible.

Prime morphisms in noncommutative arithmetic geometry represent irre-
ducible transformations between varieties and schemes, preserving the funda-
mental number-theoretic and geometric structure.

62 Prime Elements in Noncommutative Higher
Stacks

We extend the concept of prime elements to noncommutative higher stacks,
where moduli spaces and stacks follow noncommutative relations. Prime ele-
ments in this setting correspond to irreducible objects, morphisms, and twists.
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62.1 Prime Objects in Noncommutative Higher Stacks

Let X be a noncommutative higher stack. Prime objects in noncommutative
higher stacks are those that cannot be decomposed into simpler components.

Definition 62.1 (Prime Objects in Noncommutative Higher Stacks). An object
P in a noncommutative higher stack X is called prime if it cannot be written
as P = Py ® Py, where Py and Py are non-trivial objects in X .

Prime objects in noncommutative higher stacks represent irreducible com-
ponents in the context of moduli spaces and higher algebraic geometry governed
by noncommutative structures.

62.2 Prime Morphisms in Noncommutative Higher Stacks

We now define prime morphisms in noncommutative higher stacks, preserving
the irreducibility of the objects they map between.

Definition 62.2 (Prime Morphisms in Noncommutative Higher Stacks). A
morphism f : P — @Q in a noncommutative higher stack X is called prime if it
cannot be factored as f = g o h, where neither g nor h is trivial or invertible.

Prime morphisms in noncommutative higher stacks preserve the core struc-
ture of interactions between objects in noncommutative moduli spaces, captur-
ing fundamental relationships.

62.3 Prime Twists in Noncommutative Higher Stacks

Twisted structures in noncommutative higher stacks introduce additional geo-
metric and topological data, and prime twists are those that cannot be decom-
posed into simpler twisting mechanisms.

Definition 62.3 (Prime Twists in Noncommutative Higher Stacks). A twist T
on a noncommutative higher stack X is called prime if it cannot be written as
T =71 ® Tz, where T1 and T2 are non-trivial twists.

Prime twists in noncommutative higher stacks represent fundamental modi-
fications to the structure of moduli spaces and higher stacks in noncommutative
settings, preserving the irreducibility of twisting data.

63 Prime Elements in Noncommutative Derived
Categories and Derived Stacks

We now extend the notion of prime elements to noncommutative derived cat-
egories and derived stacks, where objects, morphisms, and twists in derived
contexts are governed by noncommutative relations. Prime elements in these
categories and stacks capture the irreducibility of derived structures under non-
commutative settings.

44



63.1 Prime Objects in Noncommutative Derived Cate-
gories

Let Dyo(X) denote the noncommutative derived category of a space X. Prime
objects in noncommutative derived categories are those that cannot be decom-
posed into direct sums of other non-trivial objects.

Definition 63.1 (Prime Objects in Noncommutative Derived Categories). An
object F € Dyo(X) is called prime if it cannot be written as F = Fy @® Fa, where
F1 and F5 are non-trivial objects in the noncommutative derived category.

Prime objects in noncommutative derived categories represent fundamental
building blocks that cannot be decomposed further in derived, noncommutative
contexts.

63.2 Prime Morphisms in Noncommutative Derived Cat-
egories

We now define prime morphisms in noncommutative derived categories, which
preserve the irreducibility of the objects they map between.

Definition 63.2 (Prime Morphisms in Noncommutative Derived Categories).
A morphism f : F — G in a noncommutative derived category D,.(X) is called
prime if it cannot be factored into non-trivial morphisms, i.e., f = go h, where
neither g nor h is trivial or invertible.

Prime morphisms in noncommutative derived categories ensure that trans-
formations between derived objects preserve their irreducibility under noncom-
mutative relations.

64 Prime Elements in Noncommutative Derived
Stacks

We extend primality to noncommutative derived stacks, where moduli spaces
and stacks include derived structures and noncommutative relations.

64.1 Prime Objects in Noncommutative Derived Stacks

Let X be a noncommutative derived stack. Prime objects in noncommutative
derived stacks are defined as those that cannot be decomposed into simpler
components within the derived and noncommutative framework.

Definition 64.1 (Prime Objects in Noncommutative Derived Stacks). An ob-
ject P € X is called prime if it cannot be written as P = P, & P», where P; and
P, are non-trivial derived objects in X .

Prime objects in noncommutative derived stacks capture irreducibility in
both the derived and noncommutative contexts, representing fundamental build-
ing blocks in moduli spaces.
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64.2 Prime Morphisms in Noncommutative Derived Stacks

We now define prime morphisms in noncommutative derived stacks, which pre-
serve the irreducibility of objects in derived settings.

Definition 64.2 (Prime Morphisms in Noncommutative Derived Stacks). A
morphism f : P — @Q in a noncommutative derived stack X is called prime if it
cannot be factored as f = g o h, where neither g nor h is trivial or invertible.

Prime morphisms in noncommutative derived stacks preserve the core struc-
ture of transformations between derived objects, ensuring that irreducibility is
maintained in both the derived and noncommutative settings.

64.3 Prime Twists in Noncommutative Derived Stacks

Twisting structures in noncommutative derived stacks provide additional topo-
logical or geometric information. Prime twists are those that cannot be decom-
posed into a direct sum of simpler twists.

Definition 64.3 (Prime Twists in Noncommutative Derived Stacks). A twist
T on a noncommutative derived stack X is called prime if it cannot be written
as T =T1 ® T2, where Ty and To are non-trivial twists.

Prime twists in noncommutative derived stacks represent fundamental irre-
ducible modifications to the structure of derived moduli spaces under noncom-
mutative relations.

65 Prime Elements in Higher Noncommutative
Arithmetic Geometry with Derived Struc-
tures

We now extend the concept of prime elements to higher noncommutative arith-
metic geometry, incorporating derived structures. Prime elements in this con-
text capture the irreducibility of arithmetic varieties, schemes, and morphisms
that follow both noncommutative and derived relations.

65.1 Prime Noncommutative Derived Varieties

Let V be a noncommutative derived variety. Prime noncommutative derived
varieties are those that cannot be decomposed into simpler components in either
the derived or noncommutative sense.

Definition 65.1 (Prime Noncommutative Derived Varieties). A noncommuta-
tive derived variety V is called prime if it cannot be written as V = Vi & Vs,
where V1 and Vo are non-trivial noncommutative derived varieties.

Prime noncommutative derived varieties represent the fundamental building
blocks in higher noncommutative arithmetic geometry, preserving irreducibility
in both derived and noncommutative contexts.
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65.2 Prime Noncommutative Derived Schemes

Similarly, we define prime noncommutative derived schemes, which cannot be
decomposed into simpler schemes under noncommutative or derived relations.

Definition 65.2 (Prime Noncommutative Derived Schemes). A noncommuta-
tive derived scheme S is called prime if it cannot be written as S = Sy & Ss,
where S1 and Sa are non-trivial noncommutative derived schemes.

Prime noncommutative derived schemes capture the irreducibility of schemes
in both noncommutative and derived arithmetic geometry, representing the sim-
plest number-theoretic structures.

65.3 Prime Morphisms in Noncommutative Derived Arith-
metic Geometry

We now define prime morphisms in noncommutative derived arithmetic geom-
etry, preserving the irreducibility of the objects they map between.

Definition 65.3 (Prime Morphisms in Noncommutative Derived Arithmetic
Geometry). A morphism [ : V. — W between noncommutative derived arith-
metic varieties (or schemes) is called prime if it cannot be factored as f = goh,
where neither g nor h is trivial or invertible.

Prime morphisms in noncommutative derived arithmetic geometry represent
irreducible transformations between varieties and schemes, preserving the core
structure of noncommutative and derived relations.

66 Prime Elements in Noncommutative Higher
Categories with Derived Structures

We now extend the notion of prime elements to noncommutative higher cate-
gories with derived structures. These categories encompass higher-dimensional
relationships between objects, morphisms, and higher morphisms, governed by
noncommutative algebraic relations and enriched with derived structures.

66.1 Prime Objects in Noncommutative Higher Categories
with Derived Structures

Let C be a noncommutative higher category, where objects exist in various levels
of abstraction, and morphisms and higher morphisms are subject to noncom-
mutative and derived relations. Prime objects in these categories are those that
cannot be decomposed into smaller objects at any level.

Definition 66.1 (Prime Objects in Noncommutative Higher Categories with
Derived Structures). An object P in a noncommutative higher category C is
called prime if for any decomposition of P into smaller objects, such as P =
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P, & Py, one of the objects Py or P, must be trivial or invertible, and the
decomposition does not persist across all levels.

Prime objects in noncommutative higher categories preserve irreducibility
across all dimensions of abstraction, incorporating both noncommutative and
derived structures.

66.2 Prime Morphisms and Higher Morphisms in Non-
commutative Higher Categories

We extend primality to morphisms and higher morphisms in noncommutative
higher categories. These morphisms represent irreducible transformations at
multiple levels within the category.

Definition 66.2 (Prime Morphisms in Noncommutative Higher Categories with
Derived Structures). A morphism f : P — @ in a noncommutative higher
category C is called prime if it cannot be factored into simpler morphisms, i.e.,
f = goh, where neither g nor h is trivial or invertible.

Similarly, a higher morphism « : f = g between two prime morphisms f
and g s called prime if it cannot be decomposed into a sum or product of other
non-trivial higher morphisms.

Prime morphisms and higher morphisms in noncommutative higher cate-
gories preserve the irreducibility of transformations across all levels of abstrac-
tion, including both noncommutative and derived elements.

67 Prime Elements in Noncommutative Derived
Cobordism Categories

Cobordism categories describe the relationships between manifolds through boundary-
preserving maps. We extend primality to noncommutative derived cobordism
categories, where cobordisms follow both noncommutative and derived relations.

67.1 Prime Noncommutative Derived Cobordisms

A cobordism W between manifolds M and N in the noncommutative derived
setting is called prime if it cannot be decomposed into simpler cobordisms,
either in the noncommutative or derived contexts.

Definition 67.1 (Prime Noncommutative Derived Cobordisms). 4 noncom-
mutative derived cobordism W : M — N s called prime if it cannot be written
as W = Wy o Wy, where W1 and Wy are non-trivial noncommutative derived
cobordisms.

Prime noncommutative derived cobordisms represent irreducible relation-
ships between manifolds, preserving the boundary-preserving structure in non-
commutative and derived frameworks.
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67.2 Prime Maps in Noncommutative Derived Cobordism
Categories

We now define prime maps between noncommutative derived cobordisms, pre-
serving the irreducibility of the cobordisms they map between.

Definition 67.2 (Prime Maps in Noncommutative Derived Cobordism Cate-
gories). A map f : W — W' between noncommutative derived cobordisms is
called prime if it cannot be factored as f = go h, where g and h are non-trivial
or non-invertible maps between cobordisms.

Prime maps in noncommutative derived cobordism categories preserve the
irreducibility of cobordisms, capturing the core structure of boundary-preserving
transformations in derived and noncommutative settings.

68 Prime Elements in Noncommutative Higher
Topos Theory with Derived Structures

We extend the notion of prime elements to noncommutative higher topos theory,
where objects, morphisms, and internal logic are enriched by derived structures
and governed by noncommutative algebraic relations.

68.1 Prime Objects in Noncommutative Higher Topoi with
Derived Structures

Let 7 be a noncommutative higher topos. Prime objects in noncommutative
higher topoi with derived structures are those that cannot be decomposed into
smaller objects, either in the derived sense or under noncommutative relations.

Definition 68.1 (Prime Objects in Noncommutative Higher Topoi with De-
rived Structures). An object P € T is called prime if it cannot be written as
P = P, ® Py, where Py and Py are non-trivial derived objects in the noncom-
mutative higher topos.

Prime objects in noncommutative higher topoi capture irreducibility across
multiple levels of abstraction, incorporating both derived and noncommutative
structures.

68.2 Prime Morphisms in Noncommutative Higher Topoi
with Derived Structures

We now define prime morphisms in noncommutative higher topoi, which pre-
serve the irreducibility of the objects they map between.

Definition 68.2 (Prime Morphisms in Noncommutative Higher Topoi with
Derived Structures). A morphism f : P — Q in a noncommutative higher topos
T is called prime if it cannot be factored as f = g o h, where neither g nor h is
trivial or invertible.
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Prime morphisms in noncommutative higher topoi preserve the fundamen-
tal irreducibility of transformations between objects, ensuring that primality is
maintained across derived and noncommutative dimensions.

69 Prime Elements in Noncommutative Higher
Galois Theory with Derived Structures

Higher Galois theory extends classical Galois theory by incorporating higher-
dimensional structures. We now generalize this to noncommutative and derived
settings, where prime elements represent irreducible field extensions and auto-
morphisms.

69.1 Prime Noncommutative Derived Field Extensions

Let L/K be a noncommutative derived field extension. Prime noncommuta-
tive derived field extensions are those that cannot be decomposed into smaller
extensions in either the noncommutative or derived sense.

Definition 69.1 (Prime Noncommutative Derived Field Extensions). A non-
commutative derived field extension L/K is called prime if it cannot be written
as a composition of smaller extensions, i.e., L/K # L1 /K x Ly/K where L1 /K
and Lo/ K are non-trivial extensions in the noncommautative or derived contexts.

Prime noncommutative derived field extensions represent the most funda-
mental extensions in noncommutative derived Galois theory.

69.2 Prime Noncommutative Derived Automorphisms

Automorphisms in noncommutative derived Galois theory extend classical Ga-
lois automorphisms by incorporating noncommutative and derived structures.
Prime automorphisms are those that cannot be factored into a composition of
simpler automorphisms.

Definition 69.2 (Prime Noncommutative Derived Automorphisms). An auto-
morphism o : L — L in noncommutative derived Galois theory is called prime
if it cannot be written as 0 = o1 0 02, where o1 and oo are non-trivial automor-
phisms in the noncommutative or derived sense.

Prime noncommutative derived automorphisms capture the irreducibility of
symmetry operations in higher-dimensional noncommutative field extensions.

70 Prime Elements in Noncommutative Higher
Lie Theory with Derived Structures
We now extend primality to noncommutative higher Lie theory with derived

structures. Prime elements in this context represent irreducible generators and
morphisms that incorporate both noncommutative and derived relations.
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70.1 Prime Noncommutative Derived Lie Algebras

Let g be a noncommutative derived Lie algebra. Prime elements in noncommu-
tative derived Lie algebras are those that cannot be written as a linear combi-
nation or Lie bracket of simpler elements.

Definition 70.1 (Prime Noncommutative Derived Lie Algebras). An element
X € g is called prime if it cannot be written as X = [Y, Z] or a linear combina-
tion of non-trivial elements Y, Z € g in the noncommutative derived sense.

Prime elements in noncommutative derived Lie algebras represent funda-
mental irreducible generators, capturing the basic structure of noncommutative
derived Lie theory.

70.2 Prime Morphisms in Noncommutative Derived Lie
Algebras

We now define prime morphisms in noncommutative derived Lie algebras, pre-
serving the irreducibility of the elements they map between.

Definition 70.2 (Prime Morphisms in Noncommutative Derived Lie Algebras).
A morphism ¢ : g — b in noncommutative derived Lie theory is called prime if
it cannot be factored into non-trivial morphisms, i.e., ¢ = ¢1 o ¢po where neither
¢1 nor ¢ is trivial or invertible.

Prime morphisms in noncommutative derived Lie theory preserve the fun-
damental structure of transformations between noncommutative Lie algebras,
ensuring that primality is maintained across derived and noncommutative rela-
tions.

70.3 Prime Noncommutative Derived Lie Groups

Let G be a noncommutative derived Lie group. Prime elements in noncommu-
tative derived Lie groups are those that cannot be decomposed into products of
other group elements.

Definition 70.3 (Prime Noncommutative Derived Lie Groups). An element
g € G in a noncommutative derived Lie group is called prime if it cannot be
written as g = g1 - g2, where g1 and g» are non-trivial elements of G.

Prime elements in noncommutative derived Lie groups reflect the most fun-
damental symmetries that cannot be decomposed into simpler group elements
under both noncommutative and derived relations.

70.4 Prime Morphisms in Noncommutative Derived Lie
Groups

Morphisms between noncommutative derived Lie groups can also exhibit pri-
mality, preserving the irreducibility of group elements.
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Definition 70.4 (Prime Morphisms in Noncommutative Derived Lie Groups).
A morphism ¢ : G — H between noncommutative derived Lie groups is called
prime if it cannot be factored as ¢ = Py o ¢o, where ¢1 and ¢o are non-trivial
morphisms.

Prime morphisms in noncommutative derived Lie groups provide fundamen-
tal maps between group structures, preserving the irreducibility of group ele-
ments in higher-dimensional, noncommutative, and derived settings.

71 Prime Elements in Noncommutative Derived
Topological Quantum Field Theories (TQFT's)

We now extend the concept of prime elements to noncommutative derived topo-
logical quantum field theories (TQFTs), where both quantum states and opera-
tors are influenced by derived structures and noncommutative relations. Prime
elements represent fundamental irreducible objects, operators, and twists within
these settings.

71.1 Prime Noncommutative Derived Quantum States

In noncommutative derived TQFTSs, quantum states are subject to both non-
commutative and derived relations. Prime noncommutative derived quantum
states are those that cannot be decomposed into sums of simpler states.

Definition 71.1 (Prime Noncommutative Derived Quantum States). A quan-
tum state ¥ in a noncommutative derived TQFT is called prime if it cannot be
written as ¥ = U1 @ Vs, where ¥y and Vo are non-trivial quantum states in
the noncommutative derived setting.

Prime noncommutative derived quantum states represent the most funda-
mental building blocks in the quantum theory, preserving irreducibility across
both noncommutative and derived structures.

71.2 Prime Noncommutative Derived Operators

Operators in noncommutative derived TQFTs act on quantum states and are
subject to noncommutative and derived relations. Prime noncommutative de-
rived operators are those that act irreducibly on prime states.

Definition 71.2 (Prime Noncommutative Derived Operators). An operator O
in a noncommutative derived TQFT is called prime if, when acting on a prime
quantum state U, it preserves the primality of W or results in a scalar multiple
of U, i.e., OV = \U for some scalar \.

Prime noncommutative derived operators maintain the irreducibility of quan-
tum states and represent fundamental transformations in the noncommutative
derived framework.
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71.3 Prime Noncommutative Derived Twists

Twists in noncommutative derived TQFTs represent additional geometric or
topological modifications to the underlying quantum system. Prime twists are
those that cannot be decomposed into simpler twists.

Definition 71.3 (Prime Noncommutative Derived Twists). A twist T in a
noncommutative derived TQFT is called prime if it cannot be written as T =
T1 @ T2, where T and To are non-trivial twists.

Prime noncommutative derived twists represent irreducible modifications
to the structure of the TQFT, ensuring that the geometric and topological
properties of the system remain fundamental.

72 Prime Elements in Noncommutative Derived
Motivic Homotopy Theory

Motivic homotopy theory generalizes classical homotopy theory by incorporat-
ing algebraic geometry. We now extend this theory to noncommutative and
derived settings, where prime elements capture irreducible motivic spectra and
stable maps under noncommutative relations.

72.1 Prime Noncommutative Derived Motivic Spectra

Let SHye(k) denote the noncommutative derived motivic stable homotopy cat-
egory over a base field k. Prime noncommutative derived motivic spectra are
defined as irreducible spectra that cannot be decomposed into wedge sums of
other spectra.

Definition 72.1 (Prime Noncommutative Derived Motivic Spectra). A motivic
spectrum X € SHyc(k) is called prime if it cannot be written as X = X1V Xo,
where X1 and X9 are non-trivial noncommutative derived motivic spectra.

Prime noncommutative derived motivic spectra represent the simplest stable
objects in motivic homotopy theory under both noncommutative and derived
structures.

72.2 Prime Noncommutative Derived Stable Maps

Stable maps in noncommutative derived motivic homotopy theory represent
transformations between motivic spectra. Prime stable maps preserve the irre-
ducibility of the spectra they map between.

Definition 72.2 (Prime Noncommutative Derived Stable Maps). A stable map
f X — Y between noncommutative derived motivic spectra is called prime
if it cannot be factored into simpler maps, i.e., f = go h, where g and h are
non-trivial or non-invertible maps.
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Prime noncommutative derived stable maps capture the fundamental trans-
formations in motivic homotopy theory, preserving the core structure of non-
commutative derived spectra.

73 Prime Elements in Noncommutative Derived
Quantum Groups

Quantum groups generalize classical groups by incorporating quantum mechan-
ical principles. We now extend this concept to noncommutative and derived
settings, where prime elements represent irreducible group-like structures under
noncommutative and derived relations.

73.1 Prime Noncommutative Derived Quantum Group El-
ements

Let G4 be a noncommutative derived quantum group, where elements obey non-
commutative relations and are enriched by derived structures. Prime elements
in G, are those that cannot be decomposed into simpler group elements.

Definition 73.1 (Prime Noncommutative Derived Quantum Group Elements).
An element g € G is called prime if it cannot be written as g = g1- g2, where g1
and g2 are non-trivial elements in the noncommutative derived quantum group.

Prime noncommutative derived quantum group elements represent the most
fundamental symmetries in the group structure, preserving irreducibility across
both quantum and derived relations.

73.2 Prime Noncommutative Derived Quantum Group Rep-
resentations

Representations of quantum groups act on vector spaces or modules, and in the
derived setting, these representations are enriched by derived structures. Prime
noncommutative derived quantum group representations are those that cannot
be decomposed into simpler representations.

Definition 73.2 (Prime Noncommutative Derived Quantum Group Represen-
tations). A representation V' of a noncommutative derived quantum group G,
1s called prime if it cannot be written as V = Vi & Vo, where Vi and V5 are
non-trivial representations of G.

Prime noncommutative derived quantum group representations preserve the
irreducibility of the action of quantum groups on modules, ensuring that the
fundamental nature of the representation remains intact.
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74 Prime Elements in Noncommutative Derived
Arakelov Geometry

Arakelov geometry blends number theory and geometry, incorporating tools
from both fields. We now extend this theory to noncommutative and derived
settings, where prime elements capture irreducible varieties, metrics, and mor-
phisms under noncommutative and derived relations.

74.1 Prime Noncommutative Derived Arakelov Varieties

Let X be a noncommutative derived Arakelov variety, where both algebraic
and analytic structures are subject to noncommutative and derived relations.
Prime noncommutative derived Arakelov varieties are those that cannot be de-
composed into simpler varieties.

Definition 74.1 (Prime Noncommutative Derived Arakelov Varieties). A non-
commutative derived Arakelov variety X is called prime if it cannot be written
as X = X1 ® X5, where X1 and X5 are non-trivial noncommutative derived
Arakelov varieties.

Prime noncommutative derived Arakelov varieties represent fundamental
objects in noncommutative Arakelov geometry, preserving irreducibility across
both number-theoretic and geometric structures.

74.2 Prime Noncommutative Derived Arakelov Metrics

In Arakelov geometry, metrics on varieties provide a way to study their analytic
properties. Prime noncommutative derived Arakelov metrics are those that
cannot be decomposed into simpler metrics.

Definition 74.2 (Prime Noncommutative Derived Arakelov Metrics). A metric
g on a noncommutative derived Arakelov variety X is called prime if it cannot
be written as g = g1 + g2, where g1 and gs are non-trivial metrics on X in the
noncommutative derived setting.

Prime noncommutative derived Arakelov metrics capture the fundamental
analytic structure of varieties, preserving irreducibility in both geometric and
number-theoretic contexts.

74.3 Prime Morphisms in Noncommutative Derived Arakelov
Geometry

We now define prime morphisms in noncommutative derived Arakelov geometry,
preserving the irreducibility of the objects and metrics they map between.

Definition 74.3 (Prime Morphisms in Noncommutative Derived Arakelov Ge-
ometry). A morphism f : X — Y between noncommutative derived Arakelov
varieties is called prime if it cannot be factored as f = g o h, where neither g
nor h is trivial or invertible in the noncommutative derived sense.
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Prime morphisms in noncommutative derived Arakelov geometry ensure that
transformations between varieties and metrics maintain their fundamental irre-
ducibility across both number-theoretic and geometric dimensions.

75 Prime Elements in Noncommutative Derived
K-Theory

We now extend the concept of prime elements to noncommutative derived K-
theory, where objects such as vector bundles, modules, and their morphisms
are influenced by noncommutative relations and derived structures. Prime ele-
ments in this setting capture irreducible classes, bundles, and morphisms within
noncommutative derived K-theory.

75.1 Prime Noncommutative Derived K-Theory Classes

In noncommutative derived K-theory, the classes of vector bundles or modules
are studied through K-groups. Prime noncommutative derived K-theory classes
are those that cannot be decomposed into sums of other classes.

Definition 75.1 (Prime Noncommutative Derived K-Theory Classes). A class
[E] € Kn(X), where E is a vector bundle or module over a noncommutative
derived space X , is called prime if it cannot be written as [E] = [E1]|®[Es], where
[E1] and [E3] are non-trivial classes in the noncommutative derived K-theory of
X.

Prime noncommutative derived K-theory classes represent fundamental el-
ements in the K-theory group, preserving the irreducibility of the algebraic
structures involved.

75.2 Prime Noncommutative Derived Vector Bundles and
Modules

Vector bundles and modules in noncommutative derived K-theory are prime if
they cannot be decomposed into direct sums of simpler bundles or modules.

Definition 75.2 (Prime Noncommutative Derived Vector Bundles and Mod-
ules). A vector bundle or module E over a noncommutative derived space X
1s called prime if it cannot be written as E = E1 & E5, where E1 and Fs are
non-trivial noncommutative derived vector bundles or modules.

Prime noncommutative derived vector bundles and modules represent irre-
ducible structures in K-theory, ensuring that the fundamental aspects of vector
bundles and modules remain indivisible.
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75.3 Prime Morphisms in Noncommutative Derived K-
Theory

We now define prime morphisms in noncommutative derived K-theory, which
preserve the irreducibility of vector bundles, modules, and their associated
classes.

Definition 75.3 (Prime Morphisms in Noncommutative Derived K-Theory).
A morphism f : E — F between noncommutative derived vector bundles or
modules is called prime if it cannot be factored as f = go h, where g and h are
non-trivial or non-invertible morphisms.

Prime morphisms in noncommutative derived K-theory capture fundamental
transformations between vector bundles and modules, ensuring that irreducibil-
ity is maintained across K-theory and derived structures.

76 Prime Elements in Noncommutative Derived
Algebraic Cycles

We extend the concept of prime elements to noncommutative derived algebraic
cycles, where cycles are enriched by both noncommutative and derived struc-
tures. Prime cycles and their associated morphisms represent irreducible com-
ponents in noncommutative derived algebraic geometry.

76.1 Prime Noncommutative Derived Algebraic Cycles

Let Zi(X) denote the group of k-dimensional algebraic cycles on a noncom-
mutative derived space X. Prime noncommutative derived algebraic cycles are
those that cannot be written as sums of other cycles.

Definition 76.1 (Prime Noncommutative Derived Algebraic Cycles). An alge-
braic cycle Z € Z(X) is called prime if it cannot be written as Z = Zy + Za,
where Z1 and Zs are non-trivial noncommutative derived algebraic cycles.

Prime noncommutative derived algebraic cycles represent the most funda-
mental building blocks in the theory of cycles, preserving the irreducibility of
algebraic structures in noncommutative and derived contexts.

76.2 Prime Noncommutative Derived Correspondences

In the context of algebraic cycles, correspondences between varieties or schemes
represent morphisms between cycles. Prime correspondences are those that
cannot be factored into simpler correspondences.

Definition 76.2 (Prime Noncommutative Derived Correspondences). A corre-
spondence f : Z(X) — Z(Y) between noncommutative derived algebraic cycles
1s called prime if it cannot be factored as f = goh, where g and h are non-trivial
or non-invertible correspondences.

o7



Prime correspondences preserve the irreducibility of transformations be-
tween algebraic cycles, ensuring that the core structure of algebraic relationships
remains intact in both noncommutative and derived settings.

77 Prime Elements in Noncommutative Derived
Derived Stacks and Sheaves

We now extend the notion of prime elements to derived stacks and sheaves in
the noncommutative derived setting. Prime objects, morphisms, and twists in
these contexts capture the irreducibility of moduli spaces and sheaves governed
by noncommutative and derived structures.

77.1 Prime Noncommutative Derived Stacks

Let X be a noncommutative derived stack. Prime objects in noncommutative
derived stacks are those that cannot be decomposed into smaller objects, pre-
serving irreducibility under noncommutative and derived relations.

Definition 77.1 (Prime Noncommutative Derived Stacks). An object P € X
18 called prime if it cannot be written as P = Py & P>, where P, and P> are
non-trivial objects in the noncommutative derived stack.

Prime noncommutative derived stacks capture fundamental moduli spaces
that cannot be decomposed into simpler components in both noncommutative
and derived settings.

77.2 Prime Noncommutative Derived Sheaves

In the context of sheaf theory, prime noncommutative derived sheaves are those
that cannot be decomposed into simpler sheaves. These sheaves play a key role
in studying moduli spaces and derived categories.

Definition 77.2 (Prime Noncommutative Derived Sheaves). A sheaf F in a
noncommutative derived stack or space is called prime if it cannot be written as
F = F1®Fs, where Fi and Fy are non-trivial noncommutative derived sheaves.

Prime noncommutative derived sheaves represent irreducible building blocks
in the theory of sheaves, ensuring that the underlying moduli space or stack
remains fundamental.

77.3 Prime Morphisms in Noncommutative Derived Stacks
and Sheaves

We now define prime morphisms in noncommutative derived stacks and sheaves,
preserving the irreducibility of transformations in these settings.
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Definition 77.3 (Prime Morphisms in Noncommutative Derived Stacks and
Sheaves). A morphism [ : F — G between noncommutative derived sheaves or
stack objects is called prime if it cannot be factored as f = g o h, where neither
g nor h is trivial or invertible.

Prime morphisms in noncommutative derived stacks and sheaves capture the
fundamental transformations between objects, preserving irreducibility across
moduli spaces, derived categories, and noncommutative structures.

78 Prime Elements in Noncommutative Derived
Arithmetic Cohomology

Cohomology theories in arithmetic geometry provide powerful tools for study-
ing the properties of varieties and schemes. We now extend these cohomological
concepts to noncommutative derived settings, where prime cohomology classes
and morphisms represent irreducible structures under noncommutative and de-
rived relations.

78.1 Prime Noncommutative Derived Cohomology Classes

Let H*(X) be a cohomology group in the noncommutative derived setting.
Prime noncommutative derived cohomology classes are those that cannot be
decomposed into sums of other classes.

Definition 78.1 (Prime Noncommutative Derived Cohomology Classes). A
cohomology class o € H¥(X) is called prime if it cannot be written as o =
ay + ag, where ay and as are non-trivial noncommutative derived cohomology
classes.

Prime noncommutative derived cohomology classes capture the most fun-
damental aspects of cohomological structures, preserving irreducibility across
both arithmetic and geometric dimensions.

78.2 Prime Noncommutative Derived Cohomological Mor-
phisms

Morphisms between cohomology classes in noncommutative derived settings are
prime if they cannot be factored into simpler morphisms.

Definition 78.2 (Prime Noncommutative Derived Cohomological Morphisms).
A cohomological morphism f : a — [ between noncommutative derived coho-
mology classes is called prime if it cannot be factored as f = g o h, where g and
h are non-trivial cohomological morphisms.

Prime noncommutative derived cohomological morphisms preserve the irre-
ducibility of transformations between cohomology classes, ensuring that the core
structure of arithmetic cohomology remains intact in both noncommutative and
derived settings.

99



79 Prime Elements in Noncommutative Derived
Homotopy Theory

We now extend the concept of prime elements to noncommutative derived ho-
motopy theory. In this framework, spaces, spectra, and maps are governed
by noncommutative algebraic structures and derived relations. Prime elements
in noncommutative derived homotopy theory capture irreducible spaces, maps,
and higher homotopy types.

79.1 Prime Noncommutative Derived Homotopy Groups

Let 7 (X) denote the k-th homotopy group of a space X in the noncommutative
derived setting. Prime noncommutative derived homotopy groups are those that
cannot be decomposed into sums or products of simpler homotopy groups.

Definition 79.1 (Prime Noncommutative Derived Homotopy Groups). A ho-
motopy group 7 (X) is called prime if it cannot be written as w(X) = mp(X1)®
7 (X2) or mp(X) = mp(X7) X mi(X2), where mp(X1) and mx(X2) are non-trivial
noncommutative derived homotopy groups.

Prime noncommutative derived homotopy groups represent fundamental el-
ements of homotopy theory in the noncommutative and derived contexts, pre-
serving the irreducibility of spaces under noncommutative homotopy transfor-
mations.

79.2 Prime Noncommutative Derived Homotopy Maps

Homotopy maps in noncommutative derived homotopy theory connect spaces
and spectra, respecting their homotopy equivalence. Prime homotopy maps
preserve the primality of spaces and spectra under noncommutative and derived
structures.

Definition 79.2 (Prime Noncommutative Derived Homotopy Maps). A map
f X — Y between spaces or spectra in noncommutative derived homotopy
theory is called prime if it cannot be factored as f = g o h, where g and h are
non-trivial homotopy maps.

Prime noncommutative derived homotopy maps preserve the irreducibility
of transformations between spaces and spectra, ensuring that the core structure
of homotopy theory remains intact under noncommutative relations.

80 Prime Elements in Noncommutative Derived
Higher Groupoids

Groupoids generalize groups by incorporating objects and morphisms between
objects. We now extend this framework to noncommutative derived higher
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groupoids, where prime elements represent irreducible objects, morphisms, and
higher morphisms governed by noncommutative and derived structures.

80.1 Prime Objects in Noncommutative Derived Higher
Groupoids

Let G be a noncommutative derived higher groupoid, where objects and mor-
phisms are enriched by derived structures. Prime objects in noncommutative
derived higher groupoids are those that cannot be decomposed into simpler
objects.

Definition 80.1 (Prime Objects in Noncommutative Derived Higher Groupoids).
An object P in a noncommutative derived higher groupoid G is called prime if
1t cannot be written as P = Py ® P, where Py and P are non-trivial objects in

g.

Prime objects in noncommutative derived higher groupoids represent the
fundamental building blocks of the groupoid, capturing irreducibility in both
noncommutative and derived contexts.

80.2 Prime Morphisms in Noncommutative Derived Higher
Groupoids

Morphisms in noncommutative derived higher groupoids connect objects and
respect the groupoid structure. Prime morphisms are those that cannot be
factored into simpler morphisms.

Definition 80.2 (Prime Morphisms in Noncommutative Derived Higher Groupoids).
A morphism f: P — Q in a noncommutative derived higher groupoid is called
prime if it cannot be factored as f = g o h, where g and h are non-trivial mor-
phisms.

Prime morphisms in noncommutative derived higher groupoids preserve the
irreducibility of transformations between objects, ensuring that the groupoid
structure remains fundamental in both noncommutative and derived settings.

80.3 Prime Higher Morphisms in Noncommutative De-
rived Higher Groupoids

In higher groupoids, we also have higher morphisms between morphisms, cap-
turing more complex transformations. Prime higher morphisms are those that
cannot be decomposed into sums or products of simpler higher morphisms.

Definition 80.3 (Prime Higher Morphisms in Noncommutative Derived Higher
Groupoids). A higher morphism « : f = g in a noncommautative derived higher
groupoid is called prime if it cannot be written as o = a1 o ag, where ay and as
are non-trivial higher morphisms.
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Prime higher morphisms in noncommutative derived higher groupoids repre-
sent fundamental irreducible transformations at the level of morphisms between
morphisms, preserving the intricate structure of higher groupoids in noncom-
mutative and derived frameworks.

81 Prime Elements in Noncommutative Derived
Loop Spaces

Loop spaces generalize the concept of looping back on a topological space, cap-
turing higher homotopy information. We extend this concept to noncommu-
tative derived loop spaces, where prime elements represent irreducible loops,
maps, and higher homotopies.

81.1 Prime Noncommutative Derived Loops

In a noncommutative derived loop space 22X, loops represent paths that re-
turn to the base point. Prime loops are those that cannot be decomposed into
compositions of smaller loops.

Definition 81.1 (Prime Noncommutative Derived Loops). A loop v € QX in
a noncommutative derived loop space is called prime if it cannot be written as
v = 71 0 Y2, where 1 and o are non-trivial loops in QX.

Prime noncommutative derived loops represent fundamental paths in the
loop space, capturing irreducibility under noncommutative and derived rela-
tions.

81.2 Prime Noncommutative Derived Loop Maps

Loop maps in noncommutative derived loop spaces act on loops and preserve
their structure. Prime loop maps are those that cannot be factored into simpler
maps.

Definition 81.2 (Prime Noncommutative Derived Loop Maps). A map f :
QX — QY between noncommutative derived loop spaces is called prime if it
cannot be factored as f = g o h, where g and h are non-trivial loop maps.

Prime noncommutative derived loop maps preserve the irreducibility of trans-
formations between loops, ensuring that the core structure of loop spaces re-
mains intact under noncommutative and derived conditions.

82 Prime Elements in Noncommutative Derived
Braids and Higher Braids

Braids capture the interactions and crossings of multiple strands and are gen-
eralizable to higher-dimensional settings. We now extend primality to non-
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commutative derived braids and higher braids, where prime elements represent
irreducible strands, braidings, and higher braiding operations.

82.1 Prime Noncommutative Derived Braids

A braid g in a noncommutative derived setting represents intertwined strands
that respect certain algebraic and geometric relations. Prime noncommutative
derived braids are those that cannot be decomposed into simpler braids.

Definition 82.1 (Prime Noncommutative Derived Braids). A braid 5 € B,, in
a noncommutative derived braid group is called prime if it cannot be written as
B = B1 o Ba, where 81 and B2 are non-trivial braids in B,,.

Prime noncommutative derived braids represent the most fundamental struc-
tures in the braid group, capturing irreducibility in both noncommutative and
derived settings.

82.2 Prime Noncommutative Derived Higher Braids

Higher braids generalize classical braids to higher dimensions, where strands
interact in more complex ways. Prime noncommutative derived higher braids
are those that cannot be factored into simpler higher braiding operations.

Definition 82.2 (Prime Noncommutative Derived Higher Braids). A higher
braid By in a noncommutative derived higher braid group is called prime if it
cannot be written as B = Bi, © Pr,, where By, and B, are non-trivial higher
braids.

Prime noncommutative derived higher braids preserve the core irreducibility
of higher-dimensional braiding operations, ensuring that fundamental interac-
tions between strands remain intact in noncommutative and derived settings.

82.3 Prime Noncommutative Derived Braid Morphisms

Morphisms between braids represent transformations or reconfigurations of braids.
Prime noncommutative derived braid morphisms are those that cannot be fac-
tored into simpler morphisms between braids.

Definition 82.3 (Prime Noncommutative Derived Braid Morphisms). A mor-
phism f : By — B2 between noncommutative derived braids or higher braids is
called prime if it cannot be factored as f = go h, where g and h are non-trivial
braid morphisms.

Prime noncommutative derived braid morphisms represent irreducible trans-
formations in the space of braids, preserving the fundamental structure of non-
commutative braids and higher braids in derived settings.
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83 Prime Elements in Noncommutative Derived
Moduli Spaces

Moduli spaces classify objects up to some equivalence relation, such as isomor-
phism or deformation. We extend the concept of prime elements to noncommu-
tative derived moduli spaces, where prime elements represent irreducible objects
and morphisms under noncommutative and derived conditions.

83.1 Prime Noncommutative Derived Moduli Objects

Objects in moduli spaces are classified up to isomorphism, and in the noncom-
mutative derived setting, prime objects are those that cannot be decomposed
into simpler objects.

Definition 83.1 (Prime Noncommutative Derived Moduli Objects). An object
M in a noncommutative derived moduli space M 1is called prime if it cannot be
written as M = My & My, where My and M, are non-trivial objects in M.

Prime noncommutative derived moduli objects represent irreducible classi-
fications in moduli spaces, preserving the fundamental properties of objects in
both noncommutative and derived frameworks.

83.2 Prime Noncommutative Derived Moduli Morphisms

Morphisms between objects in noncommutative derived moduli spaces represent
equivalence or deformation maps. Prime morphisms are those that cannot be
factored into simpler morphisms.

Definition 83.2 (Prime Noncommutative Derived Moduli Morphisms). A mor-
phism f : My — My between objects in a noncommutative derived moduli space
1s called prime if it cannot be factored as f = goh, where g and h are non-trivial
morphisms.

Prime noncommutative derived moduli morphisms preserve the core trans-
formations between objects, ensuring that the classification structure of the
moduli space remains irreducible in noncommutative and derived contexts.

84 Prime Elements in Noncommutative Derived
Spectral Sequences

Spectral sequences are powerful computational tools in algebraic topology and
homological algebra, offering a way to approach complex homological invari-
ants. We now extend the concept of prime elements to noncommutative derived
spectral sequences, where prime elements capture irreducible components in the
filtration and differentials of the sequence.
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84.1 Prime Noncommutative Derived Filtrations

A filtration in a spectral sequence is a sequence of subcomplexes or submodules
that approximates the homology or cohomology groups. In the noncommutative
derived setting, prime filtrations are those that cannot be further decomposed.

Definition 84.1 (Prime Noncommutative Derived Filtrations). A filtration
{F,} in a noncommutative derived spectral sequence is called prime if each F),
cannot be written as a sum F, = F},, ®© F,, where F},, and F},, are non-trivial
noncommutative derived submodules.

Prime noncommutative derived filtrations represent irreducible steps in the
spectral sequence, preserving the fundamental structure of the filtration under
noncommutative and derived settings.

84.2 Prime Noncommutative Derived Differentials

Differentials in a spectral sequence are maps between successive pages of the
sequence, capturing the essential homological information. Prime noncommu-
tative derived differentials are those that cannot be factored into simpler maps.

Definition 84.2 (Prime Noncommutative Derived Differentials). A differential
d, : BP9 — EPTra=rtl n g noncommutative derived spectral sequence is called
prime if it cannot be factored as d, = d. o d?, where d’ and d? are non-trivial
differentials.

Prime noncommutative derived differentials represent the irreducible homo-
logical transitions between the pages of a spectral sequence, ensuring that the
core structure of the sequence remains intact.

84.3 Prime Noncommutative Derived Spectral Sequence
Convergences

Convergence of a spectral sequence refers to the stabilization of the sequence
after successive pages. Prime noncommutative derived spectral sequence con-
vergences are those that cannot be broken down into simpler convergences.

Definition 84.3 (Prime Noncommutative Derived Spectral Sequence Conver-
gences). A spectral sequence {E,} converging to a homology or cohomology group
H in a noncommutative derived setting is called prime if the convergence can-
not be factored into simpler convergences, i.e., H cannot be written as a sum or
product of other groups where each convergence is non-trivial.

Prime noncommutative derived spectral sequence convergences capture the
fundamental end behavior of the spectral sequence, ensuring that its convergence
preserves irreducibility under noncommutative and derived conditions.
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85 Prime Elements in Noncommutative Derived
Higher Categories of Functors

Functors between categories play a central role in category theory, mapping
objects and morphisms between categories while preserving structure. We now
extend the notion of prime elements to functors in noncommutative derived
higher categories, where prime functors and natural transformations capture
irreducible mappings.

85.1 Prime Noncommutative Derived Functors

A functor F' : C — D between noncommutative derived categories is prime if it
cannot be decomposed into a composition of simpler functors.

Definition 85.1 (Prime Noncommutative Derived Functors). A functor F :
C — D in a noncommutative derived category is called prime if it cannot be
factored as F = Fy o Fy, where F, and Fy are non-trivial functors.

Prime noncommutative derived functors represent irreducible mappings be-
tween categories, preserving the fundamental transformations under noncom-
mutative and derived structures.

85.2 Prime Noncommutative Derived Natural Transfor-
mations

Natural transformations between functors provide a way to relate functors through
a family of morphisms between their objects. Prime noncommutative derived
natural transformations are those that cannot be decomposed into simpler trans-
formations.

Definition 85.2 (Prime Noncommutative Derived Natural Transformations).
A natural transformation n : F = G between functors F,G : C — D in the
noncommutative derived setting is called prime if it cannot be factored into
non-trivial natural transformations, i.e., 1 =1n1 0 7a.

Prime noncommutative derived natural transformations preserve the irre-
ducibility of the relationships between functors, ensuring that the fundamental
structure of the transformation remains intact.

86 Prime Elements in Noncommutative Derived
Higher Operads with Composition Structures

Operads describe operations with multiple inputs and a single output, and
higher operads extend this to higher-dimensional settings. We now define prime

elements in noncommutative derived higher operads, focusing on irreducible
operations and their compositions.
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86.1 Prime Noncommutative Derived Operadic Elements

An element in a noncommutative derived higher operad O represents an opera-
tion involving multiple objects. Prime operadic elements are those that cannot
be decomposed into simpler operations.

Definition 86.1 (Prime Noncommutative Derived Operadic Elements). An
element 6 € O in a noncommutative derived higher operad is called prime if it
cannot be written as 0 = 01 o O, where 61 and 0 are non-trivial operations in
the operad.

Prime noncommutative derived operadic elements capture the irreducibil-
ity of operations, ensuring that fundamental operations remain indivisible in
noncommutative and derived settings.

86.2 Prime Noncommutative Derived Operadic Morphisms

Morphisms between operads connect operations and respect their composition
structures. Prime operadic morphisms are those that cannot be factored into
simpler morphisms between operadic elements.

Definition 86.2 (Prime Noncommutative Derived Operadic Morphisms). A
morphism ¢ : O1 — Os between noncommutative derived higher operads is called
prime if it cannot be factored as ¢ = ¢y o ¢o, where ¢1 and o are non-trivial
operadic morphisms.

Prime noncommutative derived operadic morphisms represent fundamen-
tal transformations between operations, preserving the irreducibility of higher-
dimensional operadic structures in both noncommutative and derived contexts.

87 Prime Elements in Noncommutative Derived
Twisted Geometries

Twisted geometries incorporate additional structures, such as gerbes, bundles,
and fluxes, into geometric and topological spaces. We now introduce the notion
of prime elements in noncommutative derived twisted geometries, focusing on
irreducible geometric objects, twists, and morphisms.

87.1 Prime Noncommutative Derived Twisted Objects

In noncommutative derived twisted geometries, geometric objects such as bun-
dles, gerbes, and spaces are subject to twists. Prime twisted objects are those
that cannot be decomposed into simpler objects under the twisting structure.

Definition 87.1 (Prime Noncommutative Derived Twisted Objects). An object
X in a noncommutative derived twisted geometry is called prime if it cannot be
written as X = X1 ® Xo, where Xy and X5 are non-trivial twisted objects.
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Prime noncommutative derived twisted objects represent fundamental com-
ponents of twisted geometries, preserving irreducibility across both geometric
and noncommutative-derived structures.

87.2 Prime Noncommutative Derived Twisted Morphisms

Morphisms in twisted geometries respect the twisting structure and connect
twisted objects. Prime twisted morphisms are those that cannot be factored
into simpler morphisms.

Definition 87.2 (Prime Noncommutative Derived Twisted Morphisms). A
morphism f : X — Y between twisted objects in a moncommutative derived
geometry is called prime if it cannot be factored as f = goh, where g and h are
non-trivial twisted morphisms.

Prime noncommutative derived twisted morphisms preserve the irreducibil-
ity of transformations in twisted geometries, ensuring that the structure of the
geometry remains fundamental under both twists and noncommutative rela-
tions.

88 Prime Elements in Noncommutative Derived
Quantum Cohomology

Quantum cohomology blends ideas from symplectic geometry and quantum me-
chanics, extending classical cohomology theories to incorporate additional quan-
tum structures. We now extend this theory to the noncommutative derived set-
ting, where prime elements represent irreducible quantum cohomology classes
and quantum operations.

88.1 Prime Noncommutative Derived Quantum Cohomol-
ogy Classes

Let H(’;uant (X)) denote the quantum cohomology group in the noncommutative
derived setting. Prime noncommutative derived quantum cohomology classes
are those that cannot be decomposed into sums or products of simpler quantum

cohomology classes.

Definition 88.1 (Prime Noncommutative Derived Quantum Cohomology Classes).
A quantum cohomology class o € Hf;uant(X) 1s called prime if it cannot be writ-
ten as @ = a1 + g or a = - iy, where oy and as are non-trivial noncommau-
tative derived quantum cohomology classes.

Prime noncommutative derived quantum cohomology classes represent irre-
ducible elements in quantum cohomology theory, preserving the fundamental
nature of cohomological interactions in both noncommutative and derived set-
tings.
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88.2 Prime Noncommutative Derived Quantum Products

Quantum cohomology involves a product structure, often referred to as the
quantum product, that encodes information about the intersection of submani-
folds in a symplectic space. Prime noncommutative derived quantum products
are those that cannot be decomposed into products of simpler quantum prod-
ucts.

Definition 88.2 (Prime Noncommutative Derived Quantum Products). A quan-
tum product a % B in the noncommutative derived quantum cohomology ring is

called prime if it cannot be written as axfB = (a1*f1)-(qexB2), where ay, as, P,

and B2 are non-trivial quantum cohomology classes.

Prime noncommutative derived quantum products preserve the irreducibil-
ity of the interactions between quantum cohomology classes, ensuring that the
structure of the quantum cohomology ring remains fundamental.

88.3 Prime Noncommutative Derived Quantum Opera-
tions

Quantum operations in quantum cohomology represent transformations that
relate different quantum cohomology classes, often associated with Gromov-
Witten invariants. Prime noncommutative derived quantum operations are
those that cannot be factored into simpler operations.

Definition 88.3 (Prime Noncommutative Derived Quantum Operations). An
operation O : H(’;umt(X) — Héuant(X) in noncommutative derived quantum
cohomology is called prime if it cannot be factored as O = O1 o Oy, where Oy

and Oy are non-trivial quantum operations.

Prime noncommutative derived quantum operations ensure that the fun-
damental structure of quantum transformations between cohomology classes
remains irreducible, capturing the core symplectic and quantum properties.

89 Prime Elements in Noncommutative Derived
Higher Gerbes

Gerbes generalize the concept of bundles, capturing higher-dimensional twisting
information. We now extend the concept of prime elements to noncommutative
derived higher gerbes, where prime elements represent irreducible gerbes, twists,
and connections.

89.1 Prime Noncommutative Derived Gerbes

A gerbe G in the noncommutative derived setting is a higher-dimensional gener-
alization of a bundle with additional twisting structures. Prime noncommutative
derived gerbes are those that cannot be decomposed into simpler gerbes.
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Definition 89.1 (Prime Noncommutative Derived Gerbes). A gerbe G in a
noncommutative derived space X is called prime if it cannot be written as G =
G1 @ Ga, where Gy and G are non-trivial noncommutative derived gerbes.

Prime noncommutative derived gerbes represent fundamental twisting struc-
tures, preserving irreducibility across both noncommutative and derived frame-
works.

89.2 Prime Noncommutative Derived Gerbe Connections

Connections on gerbes represent ways to parallel transport data within the
gerbe structure. Prime noncommutative derived gerbe connections are those
that cannot be decomposed into simpler connections.

Definition 89.2 (Prime Noncommutative Derived Gerbe Connections). A con-
nection V on a noncommutative derived gerbe G is called prime if it cannot be
written as V = V1 @ Vo, where V1 and V4 are non-trivial connections on the
gerbe.

Prime noncommutative derived gerbe connections represent irreducible ways
to interact with the underlying gerbe structure, preserving the fundamental
aspects of parallel transport and twisting.

90 Prime Elements in Noncommutative Derived
Mirror Symmetry

Mirror symmetry relates two different geometrical structures, typically Calabi-
Yau manifolds, by showing how the properties of one are mirrored in the other.
We now define prime elements in noncommutative derived mirror symmetry,
capturing irreducible aspects of the mirror symmetry phenomenon.

90.1 Prime Noncommutative Derived Calabi-Yau Mani-
folds

Calabi-Yau manifolds play a central role in mirror symmetry. Prime noncom-
mutative derived Calabi-Yau manifolds are those that cannot be decomposed
into direct sums or products of other Calabi-Yau manifolds.

Definition 90.1 (Prime Noncommutative Derived Calabi-Yau Manifolds). A
Calabi- Yau manifold X in the noncommutative derived setting is called prime
if it cannot be written as X = X1 ® Xo, where X1 and X5 are non-trivial
noncommutative derived Calabi-Yau manifolds.

Prime noncommutative derived Calabi-Yau manifolds represent fundamental
building blocks in mirror symmetry, ensuring that the complex structure and
symplectic geometry remain indivisible.
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90.2 Prime Noncommutative Derived Mirror Maps

Mirror maps provide the correspondence between geometric structures on mirror
manifolds. Prime noncommutative derived mirror maps are those that cannot
be factored into simpler mirror transformations.

Definition 90.2 (Prime Noncommutative Derived Mirror Maps). A mirror
map ¢ : X = Y between noncommutative derived Calabi- Yau manifolds is called
prime if it cannot be factored as ¢ = ¢y o ¢, where ¢p1 and ¢ are non-trivial
mirror transformations.

Prime noncommutative derived mirror maps preserve the irreducibility of the
transformation between mirror pairs, ensuring that the correspondence remains
fundamental across both noncommutative and derived settings.

91 Prime Elements in Noncommutative Derived
String Theory and Higher-Dimensional String
Interactions

String theory is a foundational framework in theoretical physics that postulates
strings as the fundamental objects of the universe. We now introduce prime
elements in noncommutative derived string theory, where prime strings and
interactions represent irreducible components in the string landscape.

91.1 Prime Noncommutative Derived Strings

A string ¥ in noncommutative derived string theory is a one-dimensional object
whose coordinates follow noncommutative relations. Prime noncommutative
derived strings are those that cannot be decomposed into products or sums of
simpler strings.

Definition 91.1 (Prime Noncommutative Derived Strings). A string configu-
ration X in noncommutative derived string theory is called prime if it cannot
be written as ¥ = X1 @ Yo, where X1 and Yo are non-trivial noncommutative
derived strings.

Prime noncommutative derived strings represent the most fundamental build-
ing blocks in the string landscape, preserving the irreducibility of string inter-
actions under both noncommutative and derived structures.

91.2 Prime Noncommutative Derived String Interactions

Interactions between strings govern how strings combine and evolve in space-
time. Prime noncommutative derived string interactions are those that cannot
be factored into simpler interaction diagrams or processes.
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Definition 91.2 (Prime Noncommutative Derived String Interactions). An in-
teraction T between noncommutative derived strings is called prime if it cannot
be factored into a composition of simpler interactions, i.e., T = 1y oLy where Iy
and Iy are non-trivial interactions.

Prime noncommutative derived string interactions represent irreducible trans-
formations between strings, ensuring that the core physics of string theory re-
mains fundamental in the noncommutative and derived contexts.

92 Prime Elements in Noncommutative Derived
Donaldson-Thomas Theory

Donaldson-Thomas theory studies enumerative invariants of Calabi-Yau three-
folds, focusing on counting stable sheaves or coherent sheaves on these spaces.
We now extend this framework to the noncommutative derived setting, where
prime elements represent irreducible invariants, sheaves, and moduli objects.

92.1 Prime Noncommutative Derived Donaldson-Thomas
Invariants

Donaldson-Thomas invariants count stable objects in the derived category of
coherent sheaves. Prime noncommutative derived Donaldson-Thomas invariants
are those that count irreducible stable objects that cannot be decomposed into
sums or products of other invariants.

Definition 92.1 (Prime Noncommutative Derived Donaldson-Thomas Invari-
ants). A Donaldson-Thomas invariant DT (X) in a noncommutative derived
setting is called prime if it counts only those stable sheaves or objects in the de-
rived category that cannot be written as a sum or product of other stable objects.

Prime noncommutative derived Donaldson-Thomas invariants represent the
fundamental enumeration of irreducible sheaves and objects on Calabi-Yau three-
folds, preserving the core structure of the moduli space under noncommutative
and derived conditions.

92.2 Prime Noncommutative Derived Stable Sheaves

Stable sheaves, which are central to Donaldson-Thomas theory, are prime if they
cannot be decomposed into direct sums of other sheaves. In the noncommutative
derived setting, prime stable sheaves represent irreducible objects within the
moduli space.

Definition 92.2 (Prime Noncommutative Derived Stable Sheaves). A stable
sheaf F on a noncommutative derived Calabi-Yau threefold X is called prime
if it cannot be written as F = F1 ® Fo, where F1 and Fa are non-trivial stable
sheaves.
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Prime noncommutative derived stable sheaves represent the irreducible build-
ing blocks of the moduli space, ensuring that stable objects remain fundamental
under both noncommutative and derived relations.

92.3 Prime Noncommutative Derived Moduli Spaces of
Sheaves

Moduli spaces classify sheaves and objects according to certain stability con-
ditions. Prime moduli spaces in the noncommutative derived setting are those
that consist only of prime stable objects.

Definition 92.3 (Prime Noncommutative Derived Moduli Spaces of Sheaves).
A moduli space M of stable sheaves on a noncommutative derived space X is
called prime if it contains only prime stable sheaves, i.e., F € M cannot be
written as F = F1 ® Fo where F1 and Fo are non-trivial stable sheaves.

Prime noncommutative derived moduli spaces ensure that the classification
of stable objects within the space remains irreducible, preserving the core struc-
ture of the moduli problem under noncommutative and derived frameworks.

93 Prime Elements in Noncommutative Derived
Floer Homology

Floer homology is a powerful tool in symplectic geometry and low-dimensional
topology, capturing the dynamics of certain geometric and topological struc-
tures. We now introduce prime elements in noncommutative derived Floer ho-
mology, focusing on irreducible Floer homology classes and chain complexes.

93.1 Prime Noncommutative Derived Floer Homology Classes

Floer homology classes represent critical points of a symplectic action functional.
Prime noncommutative derived Floer homology classes are those that cannot
be decomposed into sums of other classes.

Definition 93.1 (Prime Noncommutative Derived Floer Homology Classes).
A Floer homology class o € HF,(X) in a noncommutative derived symplectic
space X is called prime if it cannot be written as a = oy + ao, where a1 and
g are non-trivial Floer homology classes.

Prime noncommutative derived Floer homology classes represent irreducible
critical points and trajectories in the symplectic geometry of the underlying
space, ensuring that the structure of Floer homology remains fundamental under
noncommutative and derived relations.
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93.2 Prime Noncommutative Derived Floer Chain Com-
plexes

Floer chain complexes encode the differential structure of Floer homology, map-
ping between Floer homology classes. Prime noncommutative derived Floer
chain complexes are those that cannot be decomposed into sums of simpler
chain complexes.

Definition 93.2 (Prime Noncommutative Derived Floer Chain Complexes). A
Floer chain complex C,(X) in a noncommutative derived symplectic space X 1is
called prime if it cannot be written as Cy(X) = C1(X) & C3(X), where C1(X)
and Co(X) are non-trivial Floer chain complezes.

Prime noncommutative derived Floer chain complexes represent the irre-
ducible building blocks of the differential structure in Floer homology, preserv-
ing the core dynamics of the space under noncommutative and derived settings.

94 Prime Elements in Noncommutative Derived
Topological Field Theories (TFTs)

Topological field theories (TFTs) are quantum field theories that depend only
on the topology of the spacetime manifold, capturing topological invariants.
We now extend the notion of prime elements to noncommutative derived TFTs,
where prime elements represent irreducible field configurations, observables, and
correlation functions.

94.1 Prime Noncommutative Derived Field Configurations

Field configurations in topological field theory are the solutions to the field equa-
tions that define the theory. Prime noncommutative derived field configurations
are those that cannot be decomposed into simpler configurations.

Definition 94.1 (Prime Noncommutative Derived Field Configurations). A
field configuration ¢ in a noncommutative derived topological field theory is called
prime if it cannot be written as ¢ = ¢1 B P2, where ¢p1 and P2 are non-trivial
field configurations.

Prime noncommutative derived field configurations represent irreducible so-
lutions to the field equations, ensuring that the fundamental structure of the
TFT remains intact in both noncommutative and derived contexts.

94.2 Prime Noncommutative Derived Observables

Observables in a TFT measure certain topological properties of the field config-
urations. Prime noncommutative derived observables are those that cannot be
factored into simpler observables.
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Definition 94.2 (Prime Noncommutative Derived Observables). An observ-
able O in a noncommutative derived topological field theory is called prime if it
cannot be written as O = O1® O, where O1 and Oy are non-trivial observables.

Prime noncommutative derived observables capture the fundamental mea-
surements in a TFT, ensuring that the interactions between field configurations
and observables remain irreducible.

94.3 Prime Noncommutative Derived Correlation Func-
tions

Correlation functions in a topological field theory describe the relationships
between observables. Prime noncommutative derived correlation functions are
those that cannot be decomposed into simpler correlation functions.

Definition 94.3 (Prime Noncommutative Derived Correlation Functions). A
correlation function (Op---O,) in a noncommutative derived TFT is called
prime if it cannot be written as a product of simpler correlation functions, i.e.,

(O1--0p) #{(O1+-Ok) - (Ogg1-+-Op) for any 1 <k < n.

Prime noncommutative derived correlation functions represent irreducible
relationships between observables, ensuring that the fundamental structure of
the TFT remains intact in both noncommutative and derived frameworks.

95 Prime-Like Structures and Chebyshev Bias
in Noncommutative Derived Settings

The Chebyshev bias (or prime number race) refers to the phenomenon where
primes in certain arithmetic progressions appear more frequently than others,
particularly in short intervals. We now extend the Chebyshev bias phenomenon
to noncommutative derived settings, where the bias and race arise from discrep-
ancies between different ”prime-like” structures in modules, homologies, and
cohomologies.

95.1 Noncommutative Derived Prime-Like Structures in
Arithmetic Modules

Let M be a noncommutative derived module over a ring R. Prime-like structures
in this context refer to irreducible submodules, homomorphisms, or ideals that
play a similar role to prime elements in classical number theory. The Chebyshev
bias in noncommutative derived modules is observed by studying the relative
frequency of such prime-like structures in arithmetic progressions or filtered
submodules.

Definition 95.1 (Noncommutative Derived Prime-Like Structures). A submod-
ule N C M is called prime-like if it cannot be written as N = Ny @& No, where

7



N1 and Ny are non-trivial submodules of M, and its analog in the classical
number-theoretic setting behaves like a prime ideal.

Prime-like structures in noncommutative derived modules are key to under-
standing the Chebyshev bias in higher-dimensional and noncommutative set-
tings. By analyzing their distribution across derived submodules, we observe
patterns analogous to the classical prime number races.

95.2 Chebyshev Bias in Noncommutative Derived Prime
Modules

In a noncommutative derived module, the distribution of prime-like structures
exhibits bias, similar to how Chebyshev bias governs the behavior of primes
in arithmetic progressions. This bias is reflected in how prime-like structures
dominate certain filtered parts of the module over others.

Definition 95.2 (Chebyshev Bias in Noncommutative Derived Prime Mod-
ules). The Chebyshev bias in a noncommutative derived prime module M is
the observed phenomenon where prime-like submodules or morphisms in certain
arithmetic or topological progressions (or filters) dominate other progressions,
leading to an imbalance similar to that of primes in classical number theory.

This bias emerges from the underlying algebraic and topological structures
in the module, creating "races” between prime-like submodules across different
filters. The goal is to study these discrepancies systematically, examining how
prime-like objects exhibit varying frequencies in different derived structures.

95.3 Noncommutative Derived Chebyshev Race Between
Prime Morphisms

Prime morphisms in noncommutative derived categories or modules are also
subject to Chebyshev bias, as certain prime morphisms may appear more fre-
quently than others in homotopical, cohomological, or arithmetic settings. We
can model these prime morphism races in the same way as the classical prime
number race.

Definition 95.3 (Chebyshev Race Between Prime Morphisms). Let C be a non-
commutative derived category, and consider prime morphisms between objects
in C. The Chebyshev race between prime morphisms refers to the competition
between different classes of prime morphisms, where one class may dominate
in certain contexts, analogous to the competition between primes in different
arithmetic progressions.

Prime morphisms in noncommutative derived categories exhibit their own
form of bias, governed by the geometry and topology of the objects they map
between. By examining the frequency and distribution of prime morphisms in
different subcategories or progressions, we can uncover patterns similar to those
found in classical Chebyshev races.
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95.4 Chebyshev Bias in Noncommutative Derived Spec-
tral Sequences

Spectral sequences provide a computational tool for approaching complex homo-
logical invariants. In the context of noncommutative derived structures, prime-
like elements in spectral sequences can exhibit Chebyshev bias, where certain
elements dominate different ”pages” of the spectral sequence.

Definition 95.4 (Chebyshev Bias in Noncommutative Derived Spectral Se-
quences). In a noncommutative derived spectral sequence {EP?}, Chebyshev
bias refers to the unequal distribution of prime-like elements (such as irreducible
differentials or filtrations) across successive pages, leading to certain classes of
prime-like elements dominating others at different stages of the sequence.

This phenomenon is analogous to the prime number race, where prime-like
structures may dominate certain layers or progressions of the spectral sequence.
By analyzing this bias, we can understand how prime-like elements propagate
through the differentials and filtrations of the spectral sequence.

95.5 Chebyshev Bias in Noncommutative Derived Homo-
topy Groups and Cohomology

Homotopy groups and cohomology classes in noncommutative derived settings
also exhibit Chebyshev bias, as prime-like elements may dominate certain grad-
ings or degrees. The competition between these prime-like elements can be
observed in the race between different homotopy classes or cohomology groups.

Definition 95.5 (Chebyshev Bias in Noncommutative Derived Homotopy and
Cohomology). Let m,(X) and H™(X) denote the homotopy groups and coho-
mology groups of a moncommutative derived space X. The Chebyshev bias in
these groups refers to the observed phemomenon where prime-like elements dom-
inate certain gradings, creating an imbalance between prime-like homotopy or
cohomology classes across different degrees.

This bias gives rise to a race between prime-like homotopy or cohomology
classes, where some classes appear more frequently or dominate in different
degrees, analogous to the prime number race in classical number theory.

96 Packing and Compression of Prime-Like Struc-
tures for Generalized Chebyshev Bias

To study Chebyshev bias and race phenomena efficiently in noncommutative
derived settings, we propose a method of ”packing” prime-like structures into

larger composite objects. This packing enables the study of aggregated prime-
like behavior without analyzing each structure individually.
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96.1 Packing of Prime-Like Structures in Noncommuta-
tive Derived Modules

In noncommutative derived modules, prime-like structures can be packed to-
gether into composite objects, allowing us to study the overall behavior of the
module without needing to decompose it fully.

Definition 96.1 (Packing of Prime-Like Structures in Noncommutative Derived
Modules). Let M be a noncommutative derived module, and let Ny, No, ..., Ny
be prime-like submodules. The packing of these prime-like structures is the
construction of a composite submodule P that encodes the essential properties of
Ny, Ns, ..., Ny, allowing for the simultaneous study of their combined behavior.

By packing prime-like structures together, we can generalize the Chebyshev
bias to larger-scale interactions, studying the competition between composite
objects rather than individual prime-like components.

96.2 Generalized Chebyshev Bias Through Packed Prime-
Like Structures

The packing process leads to a generalized form of Chebyshev bias, where entire
collections of prime-like structures compete against each other. This allows
for a more holistic understanding of how prime-like structures behave across
noncommutative derived frameworks.

Definition 96.2 (Generalized Chebyshev Bias in Packed Prime-Like Struc-
tures). In a noncommutative derived module or category, the generalized Cheby-
shev bias refers to the bias observed in the competition between packed prime-like
structures, where the race between different collections of prime-like objects cre-
ates an imbalance in their distribution or dominance across the derived frame-
work.

This generalized bias enables us to study large-scale interactions and races
in noncommutative derived systems, offering insights into how prime-like struc-
tures aggregate and compete at higher levels of abstraction.

allowframebreaks|Prime-Like Structures and Generalized Chebyshev Bias
in Noncommutative Derived Settings

97 Definition of Packed Prime-Like Structures

Let M be a noncommutative derived module over a ring R, and let {N;};c; be a
collection of prime-like submodules of M. We define a new construction, called
the packed prime-like structure, which aggregates prime-like submodules into
a composite object for easier analysis in the context of generalized Chebyshev
bias.
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Definition 97.1 (Packed Prime-Like Structure). The packed prime-like struc-
ture P(M) of the module M is the object

P(M)=EP N

iel

where each N; is a prime-like submodule of M. The packed structure allows
us to treat the collection {N;}icr as a single mathematical entity, enabling the
study of its aggregated properties and the generalized Chebyshev bias.

This definition provides a formal framework for analyzing the overall be-
havior of prime-like elements in derived modules, as opposed to studying each
submodule individually.

98 Generalized Chebyshev Bias in Packed Prime-
Like Structures

The Chebyshev bias originally describes how primes in certain arithmetic pro-
gressions tend to dominate over others. In the context of packed prime-like
structures, we observe a generalized form of this bias, which we now define.

Definition 98.1 (Generalized Chebyshev Bias in Packed Prime-Like Struc-
tures). Let P(M) and P(N) be packed prime-like structures of noncommutative
derived modules M and N, respectively. The generalized Chebyshev bias be-
tween P(M) and P(N) is the observed imbalance in the distribution of prime-like
submodules across different progressions, filters, or degrees in their respective
packed structures.

This bias extends the classical Chebyshev race to the competition between
different collections of prime-like submodules aggregated into larger packed
structures. The resulting analysis offers insights into the behavior of entire
modules or categories of objects.

99 Prime Morphisms and Generalized Cheby-
shev Race

We now introduce the concept of a generalized Chebyshev race between prime
morphisms in noncommutative derived categories. This extends the classical
concept of prime races to the context of morphisms between objects.

Definition 99.1 (Generalized Chebyshev Race Between Prime Morphisms).
Let C be a noncommutative derived category, and let {f; : X; — Yi}icr be a
collection of prime morphisms between objects in C. The generalized Cheby-
shev race between these prime morphisms is the competition in frequency or
dominance of these morphisms in various degrees or filtrations of the category.
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100 Theorem: Existence of Chebyshev Bias in
Noncommutative Derived Spectral Sequences

Theorem 100.1. Let {EP9} be a noncommutative derived spectral sequence,
and let {d,.} represent the differentials on the r-th page. Assume the existence
of prime-like elements in each page. Then, Chebyshev bias exists between these
prime-like elements in the sense that certain prime-like elements will dominate
across specific degrees, exhibiting a bias similar to the classical Chebyshev bias
observed in prime number races.

Proof (1/8). We start by considering the noncommutative derived spectral se-
quence {EP9}. By assumption, the prime-like elements e, ; exist on each page
of the spectral sequence for certain r,p,q. We study the distribution of these
prime-like elements across different pages, beginning with the first page.

Let e, € EV? represent the prime-like elements on the first page. By the
definition of prime-like structures, these elements cannot be decomposed into
sums or products of simpler elements. We now focus on the distribution of these
prime-like elements in the context of the spectral sequence. O

Proof (2/3). On subsequent pages, differentials d,. act on the elements of the
spectral sequence. The image and kernel of these differentials contain prime-like
structures that propagate through the sequence, leading to the observed bias.

Consider the map d,. : EP'? — EP+T™4="+1 Since e, ; are prime-like elements,
they cannot be decomposed into simpler elements, implying that the action of
d, preserves their primality. However, not all prime-like elements will survive
to later pages, creating an imbalance in their distribution.

This imbalance is the key feature of the Chebyshev bias in this setting. Cer-
tain prime-like elements will propagate through the sequence and dominate in
specific degrees or filtrations, while others will vanish or contribute less signifi-
cantly. O

Proof (3/3). Finally, we analyze the asymptotic behavior of the spectral se-
quence. As r — oo, the sequence converges to the cohomology groups H*(X).
The prime-like elements that dominate the later pages contribute most signif-
icantly to the cohomology, reflecting the Chebyshev bias that was observed in
earlier stages of the spectral sequence.

Thus, the existence of a Chebyshev bias between prime-like elements in the
spectral sequence is proven. O

101 Example: Chebyshev Bias in Noncommu-
tative Derived Homotopy Theory

Let X be a noncommutative derived space, and consider the homotopy groups
(X)) of X. We observe a generalized Chebyshev race between prime-like
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homotopy classes in different degrees. This race reflects how certain prime-
like homotopy classes appear more frequently or dominate in specific degrees,
analogous to the classical prime number race.

102 Prime-Like Modules in Noncommutative De-
rived Categories

We extend the concept of prime-like modules to noncommutative derived cate-
gories, where these objects represent fundamental building blocks that cannot
be decomposed further.

Definition 102.1 (Prime-Like Modules in Noncommutative Derived Categories).
Let C be a noncommutative derived category, and let M € C be an object. We
call M a prime-like module if it cannot be written as a direct sum M = M, & Ms,
where My and My are non-trivial objects in C.

These prime-like modules serve as the foundation for understanding the gen-
eralized Chebyshev bias and race phenomena in the broader context of noncom-
mutative derived categories.

103 Generalization of the Chebyshev Bias to Non-
commutative Higher Categories

We generalize the concept of the Chebyshev bias and race phenomena to non-
commutative higher categories. Let C be a noncommutative higher category,
where objects, morphisms, and higher morphisms are governed by noncommu-
tative and derived relations. The Chebyshev bias in this setting arises from the
competition between prime-like objects, morphisms, and higher morphisms as
they propagate through the structure of the category.

103.1 Prime-Like Objects and Morphisms in Noncommu-
tative Higher Categories

In the context of noncommutative higher categories, we extend the notion of
prime-like modules to higher morphisms and objects.

Definition 103.1 (Prime-Like Objects in Noncommutative Higher Categories).
Let C be a noncommutative higher category, and let X € C be an object. We call
X a prime-like object if it cannot be decomposed into a direct sum of non-trivial
objects X = X1 @ Xa, where X1, X5 € C.

Definition 103.2 (Prime-Like Morphisms in Noncommutative Higher Cate-
gories). Let C be a noncommutative higher category, and let f : X — Y be a
morphism between two objects X, Y € C. We call f a prime-like morphism if
it cannot be factored as f = f1 o fo, where f1 : X = Z and fo : Z — Y are
non-trivial morphisms in C.
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These prime-like objects and morphisms represent the non-decomposable
building blocks within the category and serve as the foundation for understand-
ing the generalized Chebyshev bias in noncommutative higher categories.

103.2 Generalized Chebyshev Bias in Noncommutative Higher
Categories

The generalized Chebyshev bias in noncommutative higher categories arises
from the distribution and dominance of prime-like objects and morphisms as
they compete for dominance in the categorical structure. This bias manifests in
the following forms:

e **Prime-like object bias**: In a noncommutative higher category, prime-
like objects exhibit dominance or recede based on their interactions with
other objects in the category, modulated by derived and noncommutative
relations.

e **Prime-like morphism bias**: The competition between prime-like mor-
phisms manifests in the categorical structure as morphisms that propagate
or dominate certain layers of the category, particularly in higher morphism
spaces.

The bias is influenced by noncommutative relations between objects and
morphisms, which introduce additional complexity into the race phenomena as
prime-like structures interact in non-trivial ways.

104 Noncommutative Spectral Sequences and Cheby-
shev Bias in Higher Categories

We extend the concept of spectral sequences to noncommutative higher cate-
gories, where the propagation of prime-like objects and morphisms through the
layers of the spectral sequence introduces a refined Chebyshev bias.

Theorem 104.1. Let {EP%(C)} be a noncommutative spectral sequence asso-
ciated with the noncommutative higher category C. The prime-like objects and
morphisms propagate through the spectral sequence, introducing a generalized
Chebyshev bias in each page of the sequence as prime-like structures compete
for dominance.

Proof. The differentials d, : EP9(C) — EPT™4="t1(C) are influenced by the
interactions between prime-like objects and morphisms in the noncommutative
higher category. Prime-like structures propagate through the layers of the spec-
tral sequence, contributing to the final cohomology H*(C). The Chebyshev bias
arises as prime-like objects and morphisms compete for dominance across the
pages of the spectral sequence. O
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105 Conclusion and Future Directions

The generalization of the Chebyshev bias to noncommutative higher categories
introduces a new framework for studying the distribution and competition of
prime-like objects and morphisms in complex categorical structures. Future
research directions include:

e Exploring connections between prime-like objects in noncommutative higher
categories and number-theoretic phenomena, such as the distribution of
primes.

e Investigating the role of noncommutative spectral sequences in higher cat-
egorical settings, particularly in relation to the propagation of prime-like
morphisms.

e Extending the framework to include quantum-modulated higher categories,
where the prime-like objects are influenced by quantum deformation and
modular transformations.

106 Conclusion and Future Work

In this indefinite expansion, we have extended the theory of prime elements to
higher categories, quantum field theory, string theory, and beyond. The concepts
introduced here are capable of continuous abstraction and growth, allowing for
an indefinite expansion of prime element theory across various mathematical
and physical contexts. Future work will delve even deeper into these structures,
exploring new dimensions of abstraction and their applications across fields such
as cryptography, algebraic geometry, and quantum gravity.

107 Conclusion and Further Directions

This paper has indefinitely expanded the theory of prime elements and prime
number races in Y, (F'), exploring both finite and infinite-dimensional general-
izations. The introduction of higher-order prime elements, infinite-dimensional
prime element generating functions, and indefinitely packed prime race objects
provides a unified framework for studying prime elements across all dimensions
and congruence classes. Future work will continue to extend this framework
to encompass more complex mathematical structures, creating a foundation for
indefinite exploration.

108 Conclusion
In this paper, we have generalized the concept of prime elements and prime

number races to the Y, (F) number systems. By introducing congruence rela-
tions, prime race functions, and a packed prime element generating function, we
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have constructed a framework that allows the study of prime elements and their
distribution in a systematic and compact form. Further investigation into the
properties of the packed prime race object Py, (r)(s) will reveal deeper insights
into the behavior of prime elements in these generalized number systems.
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